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Abstract 

We present the invited lectures given at the second Asia-Europe-Pacific School 
of High-Energy Physics (AEPSHEP), which took place in Puri, India in Novem¬ 
ber 2014. The series of lectures aimed at graduate students in particle experi¬ 
ment/theory, covering the very basics of flavor physics and CP violation, some 
useful theoretical methods such as OPE and effective field theories, and some 
selected topics of flavour physics in the era of EHC. 

1 Short introduction 

We present the invited lectures given at the second Asia-Europe-Pacific School of High-Energy Physics 
(AEPSHEP), which took place in Puri, India in November 2014. The physics background of students 
attending the school are diverse as some of them were doing their PhD studies in experimental parti¬ 
cle physics, others in theoretical particle physics. The lectures were planned and organized, such that 
students from different background can still get benefit from basic topics of broad interest in a modern 
way, trying to explain otherwise complicated concepts necessary to know for understanding the current 
ongoing researches in the field, in a relatively simple language from first principles. 

These notes present a small compilation of several results that over the years has become standard 
in particle physics, and more concretely in the area of flavour physics. These are by no means a complete 
and self-contained course in flavour physics, but rather a brief introduction to several topics that should 
be explored in more detail by additional references for the interested readers. Eor the topics addressed 
in these notes there are several textbooks and review articles that have become standard references; here 
we compile an incomplete list: 

• Eor aspects concerning the building blocks of gauge theories and the standard model see, for 
example, fT] 

• Eor CP and flavour aspects in particle physics the books ||2}3 are two excellent sources, as well 
as the more specific reviews |[5l4T8]l 

• Eor topics related with effective field theories we refer the reader to ||T9] - I2^ 

2 The building blocks in particle physics 
2.1 What is flavour and why do we care? 

In Particle Physics one attributes quantum numbers to particles in order to classify them as representa¬ 
tions of the symmetries describing the dynamics of the underlying model. This classification allows us 
to extract a lot of information just from first principles. In nature there are several copies of the same 
fermionic gauge representation, i.e. several fields that are assigned the same quantum numbers. We 
then say that different copies belong to different flavours (or families). Elavour physics describes the 
interactions that distinguish between flavours, i.e. between the different copies. 

The fermions can interact through pure gauge interactions. These interaction are related to the 
unbroken symmetries and mediated therefore by massless gauge bosons. They do not distinguish among 
the flavours and do not constitute part of flavour physics. Eermions can also have Yukawa interactions. 


i.e. interactions where two fermions couple to a scalar. These interactions are source of flavour and CP 
violation. Within the Standard Model (SM), flavour physics refers to the weak and Yukawa interactions. 
Flavour physics can predict new physics (NP) before it’s directly observed. Some examples are: 

• The smallness of —)■ |U+^“)/r(iT+ allowed for the prediction of the charm quark 

• The size of Attik allowed for the charm mass prediction 

• The measurement of ex allowed for the prediction of the third generation 

• The size of Atub allowed for a quite accurate top mass prediction (~ 150 GeV) 

• The measurement of neutrino flavour transitions led to the discovery of neutrino masses 


2.2 Discrete symmetries in particle physics 

In this section we present the discrete symmetries C, P and T, which play a leading role in the construc¬ 
tion of the present model of particle physics. These three symmetries do not leave, separately, the SM 
Lagrangian invariant but their product CPT does (at least everything points on that direction). These 
discrete symmetries give rise to multiplicative conservation laws. They have three levels of action: on 
the particle states, on the creation and annihilation operators, and on the fields. The action on one level 
determines the action on the other two. The main properties of these symmetries are: 

• Charge Conjugation 

Charge conjugation on the states reverses the quantum numbers of particles that are associated with 
internal symmetries. The charge conjugate of a particle is another particle with the same energy 
and momentum but opposite charges (anti-particle). Charge conjugation on the fields converts a 
field 'ip{x) into a field with opposite internal quantum numbers. If charge conjugation is a 

symmetry of the quantum field theory, there must exist a unitary operator C which represents it. 
We can use charge conjugation in order to eliminate final states for scattering and decay processes 
and to provide a link between different processes involving charged particles. 

• Parity 

Classical parity is any element in the component of the Lorentz group that contains the matrix P = 
diag(l, —1, —1, —1). Parity, like charge conjugation, gives rise to a multiplicative conservation 
law. For example, the t] meson and the pions are pseudoscalars (eigenstates with eigenvalue — 1 
as opposed "-I-1 for scars), and so the decay t/ —>• tt+tt” is forbidden by conservation of parity. 
However, since parity transforms space, the eigenvalues of parity depend on the orbital angular 
momentum of a state and the intrinsic parity of a state is not in general conserved. 

• Time Reversal 

The idea of time reversal is to take the time evolution of some system and reverse it. To separate 
the effects of charge conjugation from those of time reversal, it is customary to assume that time 
reversal preserves the internal quantum numbers of all particles. In classical mechanics, time 
reversal can be implemented by changing the sign of the Hamiltonian. If we suppose that this 
effect is achieved in quantum theory by a unitary transformation Ut, we get 

^ U^^HUt = -H => HUtIu) = -EnUrln), ( 1 ) 

for any state |n), entering in conflict with the principle that energy should be bounded from below. 
The way to solve this is by dropping the unitary operator and represent time reversal by an anti¬ 
unitary operator operator T. 

Tables [T}^ summarize some of the most important transformations under these symmetries. 
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Table 1: Discrete symmetry transformations for photon, gluon, complex scalar and fermion fields. We have 
defined: and is +1 for a = 1, 3,4, 6,8 while —1 for a, 2, 5, 7. 


Fields transformations 

Photon: 

VA^{t,f)V^ = 

TA^{t,f)T-^ = A>^{-t,r) 
CAf,{t,r)C^ = -Af,{t,f) 
C'PA^{t,f)C'P^ = -A^{t,-f) 


Gluon: 

VGl{t,f)V^ = 

TGl{t,f)T-^ = s^G^^^{-t,f^ 
CG“(t,f)Ct = -sG“(t,r) 
CVGl{t,f)CV^ = -s^G^^{t,-r) 


Complex scalar: 

'P4>{t, —r) 

T(t){t,f)T~^ = e*"*(/>(—f, r) 
C4>{t,r)C^ = r) 

CV(l){t,f)CV^ = e*“0t(f,-f) 


Fermion: 

V'4){t,f)'P'^ = —r) 

C'tp{t,r)C^ = f) 

CVil){t,f)CV^ = —f) 


V'ip{t,f)V'^ = e —r) 7 ° 

Tj{t,f)r-^ = e2^‘V’^(-f,r-l(C-i)*757o 
CVlf{t,f)CV^ = e-*“V;'^(f,-fOC-i70 


Table 2: Symmetry transformation properties of some fermionic bilinears under the action of discrete symmetries. 
Overall phases and the coordinates have been omitted. 


Bilinear 

V 

T 

c 

cv 

cvr 

'fx 

'•Px 

fx 

xP 

xP 

xP 


-'flbX 

'PlbX 

XlbP 

-Xlbp 

-Xl5p 

'fPL,RX 

'PPr.lX 

fPl.RX 

xPl,rP 

xPr,lP 

xPr,lP 


'PluX 

fluX 

-Xl^p 

-XluP 

-xYP 


-fliilbX 

fluX^X 


-XluX^P 

-Xl^lbp 

'fl^PL,RX 

PIuPrtX 

P’IuPlfX 

-X1^Pr,lP 

-XIuPl.rP 

-X1^Pl,rP 


p(^IMuX 


-Xcr^^P 

-X(^iMUp 

Xfy^'^P 


2.3 Basic Building Blocks of the SM 

In this section we shall briefly present the building blocks of the SM, taking special attention to the rel¬ 
evant sector for flavour physics. Modern Quantum Field Theories are based on the gauge principle: The 
Lagrangian is invariant under a continuous group of local transformations. For each group generator 
there necessarily arises a corresponding vector field called the gauge field, responsible for ensuring the 
Lagrangian invariance under the local group transformations. 

Following the above principle, modern theories are developed through three simple steps: 

(1) Define the gauge symmetry 

(2) Choose the representations of the matter content under the symmetry 

(3) Choose the way your original symmetry is broken 

The first two steps define the model in the unbroken phase. We then need a way to break this symmetry 
since at low energies we know that only charge (and colour) is manifestly preserved. 

The best example satisfying the above three conditions and having an enormous success when 
confronting with data is the SM. The model construct upon the gauge group (step (1)) 

Qsm = SU{3)c X SU{2)l x U{1)y • (2) 
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From the gauge principle, each generator of ^sm has a associated gauge vector field (first four lines of 
the table on the right in Table [3]). The known matter fields are embedded in irreducible representations 
of ^SM (step (2)) and are presented on the left table in Table [3] The gauge fields interact with matter 


Table 3: Standard model particle content, symmetry representations and forces. 


Matter 


qia = 

URa 

dRa 

(■La = 

eRa 


URa 

dRa 


l^La 

eRa 


Flavour 



, Cr , tR 
dfi, Sr , Fr 



^R, fJ-R, Tr 


^SM 

(3, 2,1/6) 

(3,1,2/3) 
(3,1,-1/3) 

( 1 , 2 , -1/2) 

( 1 , 1 ,- 1 ) 


Bosons 


A„, 



Force 

Strong 

Weak 

EM 

Yukawa-type 

( 1 , 2 , 1 / 2 ) 


through the covariant derivative, which can be expressed in terms of the physical gauge bosons as 

D^ = d^- igsGl^ - ig {W+T+ + W-T_) - ieA^Q - (Tg - ^Q) , (3) 

with {T±)ij = {\eij\ ± eij)/{2y/2) and (rs),^ = dij{—iy^/2 for the SU{2) doublet representations. 
The electric charge Q is a linear combination of the generator of f7(l)y and the diagonal generator of 
SU{2)l, and reads Q = Y + T 3 . The full SM Lagrangian is now a combination of several “distinct” 
parts which can, in many scenarios, be studied separately. We write it as 

-f-SM = d" ^^Higgs + Yukawa + -f-gf + • (4) 

The terms £gf and £fp denote the gauge fixing and Faddeev-Popov Lagrangian, respectively. While these 
contributions are very important for the self-consistency of the model, for flavour physics they play no 
role and, therefore, shall be ignored in these notes. The other Lagrangian terms are presented in Tabled 
A useful summary of Feynman rules for the SM can be found in If24l . 


Table 4: Standard model Lagrangian equations for the four relevant sectors. With the following definitions: (?“ = 


d^Gl - 


9s f 


abc 




B 




= 


- d.B„„ Y' 


.,d,e 


,{a,b,c= = d^Wy-d, 


W° 


g^abcw^w^ 


(a,b,c = 1,...,3), 


the up, down and charged-lepton Yuwaka coupling matrices and (j) = iT 2 (j)* 


Sector 

Lagrangian 

/'gauge 

''^kin 


/’fermion 

'^kin 

+ gjPfR, + 

Guiggs 


-^Yukawa 

-^4? - ^a/3 QRa^Afi " + h.C. 


In the SM, step (3) is is achieved through the scalar doublet field (/, or Higgs field. In the Higgs 
sector, the Lagrangian Gniggs contains the scalar potential V{(p) which has the general form 

( 2 \ ^ 

+ + const.. (5) 
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The Higgs potential is responsible for the electroweak symmetry breaking SU {2)^ U {1)y —^ U{1)q. 
This can be achieved spontaneously when the mass parameter in Eq. ([5]), becomes negative. In 
this scenario = 0 becomes a local maximum and the absolute minimum is shifted to the non¬ 
zero vacuum expectation value (^V) = The Higgs field can be rewritten in a more 

convenient basis, making use of the gauge freedom, in which only the physical components (the ones 
associated with physical particles) are present. This is known as the unitary gauge and the scalar doublet 
takes the form 


( ° \ 

/ 

degrees 

I r; + /i 1 , 

of : < 

\ V2 ) 

freedom 


(f)'^ and Im{^°} are the Goldstone bosons. “Rotated away”; 

Re{(j!)'^} was shifted, such that h represents the true 
oscillations around the absolute minimum. 


( 6 ) 


In this basis it becomes clear that the gauge part of the kinetic term in the Higgs Lagrangian induces 
masses to some of the gauge bosons, i.e. to the ones associated with the broken generators. 


~ • • , with: < 


= 


g'^v^ 


= 




(7) 


mA = 0 and me = 0 . 


Before closing this short overview on the SM building blocks, it is useful to do a simple consistency 
check and look at the degrees of freedom in the process of spontaneous symmetry breaking (SSB). 
We can restrict ourself to the SU{2)l <S> (7(l)y —)• U(1)q sector. Before SSB, the theory consists 
of one complex scalar doublet field (four degrees of freedom) and four gauge bosons (fwo degrees of 
freedom each); there are 4 + 2 x 4 = 12 degrees of freedom. After the SSB, only 17(1)q remains as 
an explicit symmetry, i.e. only one generator leaves the vacuum invariant, so one would expect three 
Nambu-Goldstone bosons associated to the broken generators. Since we are working with a local gauge 
group, the Higgs mechanism allows these bosons to be absorbed as the longitudinal polarization of gauge 
bosons, and Z^. So, in the end, we will have one real scalar field (one degree of freedom), three 
massive gauge bosons (three degrees of freedom each), and one massless gauge boson (the photon with 
two degrees of freedom). Summing up, after SSB there arel + 3x3 + 2 = 12 degrees of freedom, the 
same as in the unbroken phase. 

Note that no field except for the Higgs has a mass term in the unbroken phase. The Higgs mecha¬ 
nism is responsible for the mass generation of fermions and gauge bosons, but not of its own mass! 


2.4 The flavour structure of the SM 

The origin of a non-trivial flavour structure in the SM is directly related with the presence of Yukawa 
interactions and gauge currents. The fermionic kinetic term is responsible for the weak charged currents 
(CC), weak neutral currents (NC) and for the electromagnetic neutral currents. They are given by 

Charged Current: £cc = ^ + h.c., ( 8 a) 

Neutral Current: £nc = + —pp {g{, - 5 ^ 75 ) pZ^ , (8b) 

cw ^ ^ 

where 

9v = - ^wQf > 9a = , (9) 

are the vector (V) and axial (A) couplings of the the gauge boson Z^ to the fermions, respectively. The 
letter / denotes any of the fermion fields. The charge of a fermion is denoted by Qf, while T 3 denotes 
the weak isospin associated with the left-handed fermion. 
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When a theory has several fields with the same quantum numbers (flavours) one is free to rewrite 
the Lagrangian in terms of new fields, obtained from the original ones by means of a unitary transfor¬ 
mation which mixes them. Why only unitary transformations? In principle, one can mix particles with 
the same quantum numbers in ‘any way’ we want. However, by keeping it unitary we guarantee that 
the kinetic terms remain unaltered. This is important since having the kinetic Lagrangian with no cross 
terms, known as the canonical basis, allow us to easily identify our field content. We can define a set of 
transformations called weak basis transformations (WBTs) which are defined as transformations of the 
fermion fields which leave invariant the kinetic terms as well as the gauge interactions, i.e. they respect 
the gauge symmetry in the unbroken phase. The WBTs depend on the gauge theory that one is consid¬ 
ering because, if there are more gauge interactions, then, in principle there will be less freedom to make 
WBTs. In the SM we define the WBTs as 


WBTs: 


= WU'l > 4 = > 


' YI = WIY^W^, 


( 10 ) 


where and are 3 X 3 unitary matrices acting in the flavour space. The transformed Yukawa 

matrices ^ g have the same physical content as the original ones. To see the usefulness of WBTs let 
us start from a general basis where the mass matrix Yu^d,e have 18 free parameters each (9 modulus and 
9 phases). An arbitrary n x n complex matrix A can be diagonalized by a bi-unitary transformation as 
U\^AVr = diag. This is known as single value decomposition. Using this information we can pass from 
a general basis to the new basis 


flavour basis I: 


flavour basis II: 


' Yu = UlXuV;^^ 

WBTs 


( V — T/1 \ 

— ''CKM'^u 


II 

Wl = ul,w^ = vii,w^ = vi 

< 

Yd = ^d 

(11) 

. Ye = t/IAgU^t 

s 

II 

J 

II 


, y'e = Ae 



with = diag(y„, yg, yt), Xd = diag(yrf, ys,yb) and Ag = diag(yg, y^) the real and positive fermion 
Yukawas (defined from the fermion masses, i.e. yj = y/2mfjv), and Vckm = This unitary 

matrix is the well known Cabbibo-Kobayashi-Maskawa (CKM) quark mixing matrix |[251|26l. As we 
shall see in a while, this matrix only has four degrees of freedom. Therefore, in the flavour basis II we 
only have 6(masses) -|- 4(mixing) = 10 free parameters in the quark sector, mush less than in the general 
flavour basis I. Note that this is actually the minimal number of free parameters that one can have, since 
it is equal to the physical ones. Basis with less free parameters cannot be obtained by WBTs and they 
would have physical implications (correlations between physical observables). 

The WBTs become much a more fundamental aspect of the model when 0. In this 

limit the WBTs given in Eq. (fTOl) leave the whole Lagrangian invariant and therefore are promoted to 
symmetry generators of a global U{3)^ symmetry 

^global = U{3f = SU{3)1 X SU{3)f X U{lf , (12) 

where 


SU{3)1 = SU{3)g^ X SU{3)u^ X 5(7(3)^^ and SU{3)f = SU{3)e^ x SU{3)e^ • (13) 

In the presence of Yukawa terms only a reminiscent of the original global symmetry ^global remains 
unbroken. The easiest way to see which symmetry is left invariant is to look at the flavour basis II, 
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introduced in Eq. (fTTl) . in which the number of parameters is reduced to the physical ones. In this 
basis the only field transformations that leave the Lagrangian invariant are rephasing rotations, and the 
presence of the Vckm matrix only allows one rotation in the quark sector. From this simple inspection 
we see that after the introduction of the Yukawa terms we are left with the residual symmetry 

e^global ^ eg"o“ = U{1)b X C/(l)e X U{1)^ X U{l)r , (14) 

with, of course, the gauge U{1)y symmetry unbroken. These are called accidental symmetries, they 
were not imposed in the SM construction but end up appearing as a consequence of renormalizability 
and perturbativity. 

Looking at the WBTs as symmetry generators is actually very convenient in order to count the 
number of physical parameters present in the model. No mater which parameterization we choose for the 
SM flavour couplings the number of physical parameters always remains unaltered. To learn how 

to count these parameters, let us first look at the charged lepton relevant flavour couplings 
Our goal is to find out how many of the 18 real parameters are actually physical. Now, if we look at 
the limit —)• 0, we know that the Lagrangian will enjoy of a larger global symmetry, i.e. a U (3)^^ x 

U{3)en global symmetry. Another piece of information that is crucial is the residual symmetry of our 
model. Concerning the leptonic sector, as was seen above, we have the accidental C/(l)e x U{1)^ xU{l)r- 
In other words, the presence of Yg induces the breaking 

Higgs Leptons 

Ui^ X 'U{3),, X (7(3)^; ^ U{l)e X U{1)^ X [/(I), x U{1)y, (15) 

'-V-' '-V-' 

1+9+9 generators l+l+l+l generators 

"-V-' 

15 broken generators 

leading to the existence of 15 broken generators. We have included the Higgs and the hypercharge 
symmetries for completenes^. We can now use the broken generators to rotate Y^ into a “convenient” 
symmetry-breaking direction. These rotations are nothing more that the WBTs described in Eq. (fTTl) . 
resulting in three physical parameters, i.e. the charged lepton masses. The result found in this simple 
exercise is actually more general and can be stated as follows 

# Physical parameters = # Total parameters — # Broken generators (16) 


Let us apply this result to the quark sector, we have 


Yd Yu 

# Total parameters: (9 + 9) + (9 + 9) = 36 

# Broken generators: 3x9— = 26 

[7(3)3 U{1)b 


# Physical parameters: 10. 


(17) 


Note that Eq. (fT4b is only true at the classical level since non-perturbative quantum effects break this 
down to just one abelian group U{1)2,b-l- However, this does not affect the parameter counting. 

The Yukawa sector of the SM is responsible for the mass generation of the fermion species, after 
SSB. The fermion mass assignment in the SM is given by a Dirac mass term, -rrifff = -mfififn + 
fnfL)- Although it is invariant under U{1)q, the fermion mass term is not invariant under SU{2)l (g) 
U{1)y- Indeed, a fermion mass term is not a singlet under SU{2)l, and, besides, the right- and left- 
handed components of / have different weak hypercharges. As a result, no pure fermionic mass terms 

'Note that while in the SM these symmetries can be ignored in the process of counting broken generators, they play a crucial 
role in several extension of the SM. 
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can be constructed consistently with gauge invariant principles, as it was mention in the prevous sec¬ 
tion. In the SM fermion masses can arise from Yukawa interactions with the scalar Higgs doublet, i.e 
the Lagrangian part /lyukawa- Using the Higgs filed given in Eq. (O, one can see that the Yukawa La- 
grangian splits into two parts, one relative to the fermion masses, Emass; and another corresponding to 
the interaction of the Higgs field with the fermions, £hff> 


Mass: 


hff: 


- ^mass — e^La^Rl3 + ^a/3 '^La'^Rf^ + ^La^R/3 + h-C. , 

“ ^ '^La'^Rf^ ^ ^ + h-C- , 


(18a) 

(18b) 


with the fermion mass matrices given by 


Mf 


, with / = {u, d, e} . 


(19) 


At this stage it is worth pointing out that, in the SM, no renormalizable mass term for neutrinos can be 
constructed due to the absence of the right-handed fields ur. Also, a particular feature of the SM is to 
have the mass terms proportional to the Yukawa couplings, leading to the absence of flavour changing 
neutral currents (FCNC) in the scalar sector. Extensions beyond SM in general “struggle”, i.e. need 
additional assumptions beyond new particles, in order to reproduce this alignment GTII . 

The Higgs mechanism breaks the SU {2)l group, which means that in the broken phase we are able 
to rotate the fields in the same SU{2)l multiplet through different unitary transformations. Therefore, 
we see from the new weak basis defined in Eq. (fTTI) that we can redefine fhe field dL as d'^^ = Vckmc^l 
such that the mass matrices are both diagonal and charged current sector becomes 


{uLa (UcKM)a^ ^ -|- h.C. , (20) 


with 


UCKM = = 


Vud 

Vus 

Vub\ 


Vcd 

Vcs 

Vcb ■ 

( 21 ) 

Vtd 

Vts 

Vtb 



The unitary matrix present in the leptonic sector is the identity matrix since can be rotated freely 
through a unitary transformation, due to the absence of a mass term. Therefore, in the SM the only 
tree-level flavour-changing interactions are present in the charged currents. Since the matrix Vckm is a 
3x3 unitary matrix, it has 9 free parameters. However, the additional freedom 


UcKM 


KlycKuKd, 


( 22 ) 


with phase diagonal matrices, reflecting the freedom in redefining the phases of the quarks in the 
mass basis, leads to 4 mixing parameters. Therefore, as stated before the weak basis in Eq. (fTTI) has 
4 mixing -|- 6 masses = 10 parameters. This is known as the quark physical basis, since the number of 
free parameters coincides with the number of physical ones. Working in the mass eigenbasis, i.e. in the 
basis where the mass matrix of the fermions are real and positive, one can shift all the non-trivial flavour 
structure into the charged current sector. This is a very convenient basis to work in, since the fermion 
propagation gets quite simple. Still, we could opt to work in another basis at the cost of introducing extra 
complexity in the model. 

In the SM CP violation shows up in the complex Yukawa couplings. If we CP conjugate a typical 
Yukawa term we get, see Table [2j 


CV {'lpLa(t>'ll^Rp) CV^ = ■ 


(23) 






We then see that by requesting CP invariance in the Yukawa sector we get 

CVCyu^CV^ = Cyu^ => = (24) 

i.e. real Yukawa couplings are the necessary condition for CP-invariance. We can do the same exercise 
but now for the charged current Lagrangian, in the mass eigenbasis, 

CVCccCV^ = Cyu^ => Vap = V*p, (25) 

i.e. real CKM mixing matrix as the necessary condition. Therefore, the complex nature of the Yukawa 
couplings (or CKM mixing matrix) is the origin of CP violation in the SM. The above results are basis 
dependent. We know, that there are always phases that can be rotated away. So the question is whether 
we have a basis independent way of checking for CP violation. The answer is yes, the above conclusions 
can be formulated in a basis invariant way through the quantity |[2^ 

i:v[Hu,Hdf = Qi ^ ^ (26) 

a,/ 3 =u,c,t,... a',/ 3 '=d,s,b,... 


where 

Qaa'P/S' = ^aa'YpP'VaP'^Pa' ( 27 ) 

is the rephasing-invariant quartet. For three generations, the above invariant reads 

Tr[iT„, Hdf = Qi{ml - - ml){ml - ml){ml - ml){ml - - ml) J , (28) 

with J = ImQusch = Irn[Kts(46(CjjK:s] known as the Jarlskog invariant Il2^ . The CKM-mechanism is 
the origin of CP violation in the SM and lead to the nobel prize attribution in 2008 to Kobayashi and 
Maskawa who were the first to propose three flavours of quarks as the origin of CP violation |[26ll . 

Different parametrizations for the CKM mixing matrix can be used. We shall follow the standard 
procedure and use the Particle Data Group (PDG) parametrization |[^ 


VbKM = Pl(023)r((i)P2(013)r(-<i)P3(012) 

( C 12 C 13 S 12 C 13 

— 512023 — 0125235130*'^ O12O23 — 5125235130*'^ 

512523 - 0120235130*^ -O12S23 “ 5120235130*^ 

where Cij = cosOij, Sij = sinOij, R{6ij) is the rotation in the plane i — j and r((i) = diag(l, l,e*'^). 
The three Sij are the real mixing parameters and 6 is the Kobayashi-Maskawa phase. While the range 
of this phase is 0 < <5 < 27r, the measurements of CP violation in K decays force it to be in the range 
0 < 5 < vr. From experiments we know that there exists a strong hierarchy on the mixing angles, i.e. 
513 ^ 523 ^ 512 ^ 1- We Can write the mixing angles as 


5130 *'^\ (29) 

523013 j 
O 23 O 13 / 


512 —A — 


IK. 


vT^ 


+ IK, 


523 — — A 






si3e^^=V:, = AX^{p + i7j) = 


A\^{p + ir])\/l — A^X"^ 
y/l — X‘^[l — A^X'^{p + ip)] 


(30) 


With these relations we ensure that 


p + ip = 


Vudv:, 

VcdK 


cb 


(31) 


is independent of any phase convention. The above expression allows us to express the CKM matrix in 
terms of: A, A, p and p. While the parametrization in term of these parameter is exact, it is common to 
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approximate this result for small A. Up to fourth power corrections, we can expand the bar parameters 
as yd = p{l — A^/2) and f] = p{l — A^/2) known as Wolfenstein parametrization lISTI 


/ 1 — A^/2 A AX^{p — ir])\ 

VcKM = -A 1 - A2/2 AA2 + 0{X^). (32) 

\AX^ {1 — p — irj) —AX‘^ 1 / 

The unitarity on the CKM matrix implies relations between its entries: 

Columns Orthogonality: ^ y^JV*k = sjk, 

* (33) 

Rows Orthogonality: \ VijVkj = ^ik ■ 

i 

The six vanishing combinations are sums of complex number, so that they can be represented as triangles 
in the complex plane. The most used triangle is given by 


(/>-'/) 



VudV:, + VM + VuVl = ^,. 


(34) 


In Fig. [U we have divided each side by the best-known value, i.e. VcdV*^^. The angles of the unitary 
triangle are also represented in Fig. [T] and are given by 


/3 = <('1 = arg - 


VcdV, 


cb 


VtdV, 


tb 


a = (/)2 = arg - 


VidV, 


tb 


VudV, 


ub 


7 = (/)3 = arg - 


VudV, 


ub 


VcdV, 


cb 


(35) 


Measurements of CP-violating observables can constraint these angles and also the parameters fj, p. 
Using the Wolfenstein parametrization as a give line, we can get simpler expressions for the unitary 
triangle angles 


/3=tt + aig{VcdV*f,) - arg{VtdVtl) ~ -wg{Vtd ), 


7 =7r + arg(14rfl/*J - arg{VcdV*^) ~ -arg(14b). 

With the help of the unitary triangle where the d-quark is replaced by the s-quark, i.e. 


(36) 


VusV:, + vM + VtsV;, = o, 


(37) 
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we can define another angle 


Ps = arg (-|^) = ^ + - arg(K.Kt) ^ ^ + ^ziVts) • (38) 

This allow us to write the CKM mixing matrix up to 0{X^) as 

/ \Vud\ iKsI |Kb|e*n 

VbKM ^ -\Vcd\ IV^csl \Vch\ . (39) 

\\VtdW^ \Vtb\ / 

The area of all triangles is the same and is given by half of the absolute value of the Jarlskog invariant, 
i..e AreaA = |^|/2. The Jarlskog invariant in the parametrizations presented above take the form 

J = Im KdVcsV:,V:^] = I sin( 20 i 2 ) sin( 20 i 3 ) sin(2023) sin 5 ~ . (40) 

O 

The absolute values of the CKM matrix can be found in the following processes: 


Ktdl •/^'decay (A, Z) —)> (A, Z + 1) + e + t'e; 
Vus\'- iT-decay —)• 7 r° + + ui\ 


Vcd\'- -production of c’s + d ^ i~ 
Vcs I: charm decay —)• 4 

Vub\' -B-decay b ^ u + i~ + 

Vcb\' B-decay b ^ c + 

Vtd\ and |Cts| : Am in - W- 
Vtb\- top decays. 


4 c; 
t'r; 


The result of a global fit gives 


I VCKM I 


^0.97427 4 0.00014 
0.22522 4 0.00061 
0 . 008861 °;™ 


0.22536 4 0.00061 
0.97343 4 0.00015 
U.U4UO_g Qg ]^2 


0.00355 4 0.00015\ 


0.0414 4 0.0012 
0.99914 4 0.00005/ 




(41) 


or in terms of the Wofenstein parameters 

A = 0.22537 4 0.00061, A = 0.814l°;°23 , p = 0.117 4 0.021 and ty = 0.353 4 0.013 . (42) 


The Jarlskog invariant is J = (3.06 ^S: 2 o) X 10 The angles of the unitary triangle can be tested in 
iJ-decays: 


• sin 2/3: J/^Ks 

• sin 2 Q;: B^ —>■ vr+TT 

• sin 27 : Bg 


2.5 GIM mechanism 

We have learned that the structure of the SM is such that it ensures the absence of the tree level flavour 
changing neutral currents. Both neutral gauge boson and Higgs boson couplings are diagonal in the 
flavour mass eigenstate basis. Thus, the flavour changing neutral-current processes involving quarks are 
generated in higher orders in the electroweak interactions. Since they are strongly suppressed in Nature, 
it is interesting to discuss the predictions for them in the electroweak theory. For the quark sector, the 
generic examples of flavour changing neutral-current transitions are the reactions: 
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• ds ^ ds {AS = 2), bd —>■ bd {AB = 2); 

• s ^ d'j {AS = 1), 6—5- s'j {AB = 1). 

Such transitions are responsible for physical processes like and B^ — B^ mixing, for radiative 

flavour changing decays of strange and bottom mesons and for decays like K —>• 7re'''e“ or i? — 
K*e^e~. On dimensional grounds, we then get the following estimate for the sd —>• sd transition 



(a) (1.) 

Fig. 2: In (a) AS = 2 box diagrams. In (b) AS = 1 penguin contribution. 


amplitude, depicted in Fig.|2^ , with double kk-boson, u- and/or c-quark exchange (the contribution from 
the top quark exchange is strongly suppressed by its very small mixing with the first two generations of 
quarks): 


A ~ 



Ml 


W 




l^J=U^C 


1 + 0 


( K 

< V 


’'+}\ 


'^aGp 


{vzvtdf + o 


E ytsV^dv;sV,, 



(43) 


In the last step we have used the CKM unitarity condition: Yli j=u c ^is^id = —Vt*s^td- We then see that 
the leading term is suppressed by very small CKM angles as the double top quark exchange contribution. 
The remaining terms, which are proportional to larger CKM angles, are in turn suppressed by light quark 
masses. 


Such a mechanism of suppression of the flavour changing neutral-current amplitudes is known as 
the Glashow-Iliopoulos-Maiani (GIM) mechanism |[32l . The strong suppression of the flavour changing 
neutral-current transitions is indeed a SM prediction. However, this follows not only from the structure 
of the theory but also depends on the empirical pattern of the quark masses and mixing angles. Therefore, 
from the SM point of view, the successful predictions for the flavour changing neutral-current processes 
are rather accidental. 

Let us now look at the AF = 1 transitions at the qualitative level. At one-loop, they receive 
contributions from box diagrams and also from the so-called penguin diagrams like in Fig. |2j3. The 
corresponding amplitude goes as 


Tn ^ 

A^aGp E ^*dVisln^+0{V;^Vts) = aGpV:^Vusln^ + 0{V:,Vts] 

l,T=U,C ^ 


(44) 


Note that the dimensionless coefficient of the first term contains logarithms of light quark masses. Since 
the masses of the up and charm quarks are quite different, there is no additional suppression except for 
the usual one in this case (unlike the previously considered box diagrams). We can then say that the GIM 
mechanism is power-like in the case of box diagrams, but only logarithmic in the case of certain penguin 
diagrams. 
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3 Effective theories and their use in flavour physics 


SM 

56^(3)r X SU{2)l x U{l)y 


QCD 
5f/(3)r X 


HQET 

5 U ( ‘Iuq ) Spi n-Flavour 


A (New physics) 

Am + H Ap2/, 

E\\’ l)reaking 
^CJED "I" ^QCD + X/ 

niQ (Heavy qnaiks) 


fi = few X Aqcd 

h,.iv.DJ),: -I- Oil/wQ) 



, Short-distance 
Physics 

tV'rOirlwtiuii Tlicon' 
+ 

KGE 


Long-distance 

Physics 

noii-p<*rttirb»t ive 


Aqcd 

Fig. 3: General schematic idea behind effective field theories 


Effective field theory formalism is a very powerful tool when several scales are present in a quan¬ 
tum field theory. The principle in effective field theories is to just include the appropriate degrees of 
freedom to describe physical phenomena occurring at a given scale. By integrating out degrees of free¬ 
dom at shorter distances we try to simplify the model at longer distances. This approach works best when 
there is a large separation between length scale of interest and the length scale of the underlying dynam¬ 
ics. Figure [3] summarizes the general philosophy behind this approach. We summarize the effective field 
theory formalism in three simple steps ESil : 

• Step 1 : Choose a cutoff scale A < M (with M some fundamental scale) and divide the field into 
high- and low-frequency modes, i.e. 

4> = ■ (45) 

Fourier modes Fourier modes 
uj > A u} < A 


The component (pL describes the low-energy physics through the correlation functions 


{0\T{(j)L{xi) ■ ■ ■ (t)L{Xn)}\^) = 


1 


— I 


Z[0] V sMxi) 


—I 


5Jl{x^, 


Z[jL] 


(46) 


Jl=0 


where the generating functional is 

Z[Jl] = and S{(PlAr) = J d^xC{x). (47) 

We have used D for the space-time dimension and only the external source of the low-frequency 
modes is relevant for the correlation functions computed at low energy. 
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• step 2: Integrate out the high-frequency modes below the scale A, i.e. 

'' V 

No (pH dependence 

The action Sa{4>l) is known as “Wilsonian effective action”, which is non-local on scale ~ 
1 /A and depends on the choice made for the cutoff scale A. 

• Step 3: Expand the non-local action in terms of local operators composed of light fields, which is 
known as operator-product expansion (OPE). This expansion is possible in the low-energy regime, 
i.e. <C A, and leads to 


j . (48) 


SA{(t>L) = j d^xCf{x), 


with 


Wilson local 
coeff. operator 


= Y^ a qml{x)) 


Effective Lagrangian 


(49) 


The procedure described above is quite general and powerful, allowing us to obtain the Eagrangian 
relevant for a given scale. However, the effective Eagrangian is a sum of infinite operators which would 
naively destroy the predictability of the effective theory. In order to understand why this is not the case 
one can use the remarkably simple and powerful “naive dimensional analysis” (NDA) approach: 


NBA: 

(c = E = 1) 


N = [E] = b] = b"'] = [t-^] = 1 

Assuming [Ci] = - 7 * 


then Ci = QiM 


(50) 


The coupling gi is dimensionless and form “naturalness” 0(1), while M is the fundamental energy scale 
of the theory. Taken for simplicity the effective Eagrangian dimensionless, the effective operator Qj 
scales for <C A < M as 


gi 



0 (1) if7* = 0 

<1 if7i>0 (51) 

> 1 if 7* < 0 


This tell us that only the couplings that have 7* < 0 are relevant. Therefore, given a precision goal we can 
truncate the series in Ea in a given order in E/M. This implies a finite number of operators, which brings 
back the predictability of the effective theory. The dimension 7* can change due to interactions, this is 
known as anomalous dimension. We can be more formal and require the action to be dimensionless. In 
this case if 6i = [Oj] the coefficient dimension is 'ji = 6i — D. We summarize the operator relevance 
classification in Table [5] 

As a final commenf nofe fhaf while mosf of fhe lime cpn is idenlified wilh a heavy particle, Ihe 
mefhod presenfed above is much more general. As opposed lo infegrale ouf some heavy particle, we 
can work on a scenario where only lighf parlicles are presenl. In this case we can lower the cutoff scale 
A by a small amount A — (5A and integrate out high frequencies of the light particle. This implies that 
the operators Oi{(j)L) will remain the same, as no contribution from extra particles are present. And the 
effects of lowering the cutoff scale must enter into the effective couplings C'j(A). This approach gives an 
intuitive understanding of the running of the coupling constants. 


3.1 Weak currents and OPE 

Hadrons can decay through weak interaction mediation, between their quark constituents. The typical 
binding energy of quarks in hadrons is 0(1 GeV), much below the weak scale 0{Mw,z)- The idea 
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Table 5: Classification of operators based on their dimension. 


Dimension 

Importance for 77 —)■ 0 

Terminology 



Relevant operators (super-renormalizable) 

6i < D, Xi < 0 

grows 

• usually unimportant; 

• protected by symmetries 

o 

II 

II 

constant 

Marginal operators (renormalizable) 

• renormalizable QET 



Irrelevant operators (non-renormalizable) 

6i > D, Xi > 0 

falls 

• the most important (relevant) 

• sensitive to fundamental scale 


behind the OPE treatment is to start from short-distance dynamics and refine it step-by-step with non- 
perturbative corrections. Let us look at the part of generating functional containing the W boson ||6i, 
i.e. 


Zw 


j [dW^ 


][tilE"]Exp i 


i J d^xCw^ , 


(52) 


with 


= - ^ {d^w+ - d,w+) + M^w+w-^ 

+ ^{j+w+^^ + j;;w-n 


the Lagrangian density containing the kinetic terms of the W boson and its interactions with charged 
currents. These interactions can be extracted from Eq. (l20l) . Since we are not interested in W as external 
sources, we have omitted gauge self-interactions. Eollowing the usual procedure in QET, we can perform 
a Gaussian functional integration which leads us to a non-local action for quarks 

5ni = J d^^xCkin-^ J J~{x)/\>"''{x,y)J:^{y), (54) 


where A^^(x, y) is the W boson propagator. In the unitary gauge it reads 

y) = / . (55) 

The idea now is to formally expand in 1/M^ powers the propagator, which allows us to get a local 
action. To lowest order the propagator becomes 

y) ~ {x-y), (56) 


which in turns lead to the effective Hamiltonian 


2feff 


V2 


J-J+^{x) 


Gf 

v/2 


^al3^a'0'{daUy)v-Aida'Upi)v-A ■ 


(57) 


We have adopt the notation {'ipx)vyfA = '07^(1 T 75)x- This simple example introduces the main 
idea behind OPE, as already mentioned in the previous section. The above computation is nothing more 
than the usual ‘integrating out’ in effective theories. While we have used a path integral approach, the 
computation done is equivalent to the expansion of the W boson propagator in the amplitude matrix 
element, obtained from the usual Eeynman rules approach (Eig.lUl. 
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Fig. 4: Diagrammatic representation of the new local operators obtain from OPE formalism 


Therefore, in general the OPE allows us to write an effective Hamiltonian of the form 

^eff = ^ j (58) 

where A^jgy[ contains CKM factors (1 for semi-leptonic operators, 2 for quark operators), Ci{^) are the 
Wilson coefficients and Q* is a local operator governing the process in question. The coefficients Ci{n) 
are weights of the operators Qi on the effective Hamiltonian, i.e. they describe the strength with which a 
given operator contributes to the Hamiltonian. These are scale dependent couplings and can be calculated 
using perturbative methods (as long the scale // is not too small). The operators Oi are the leading terms 
in the short-distance expansion described above; in the cases we are interested in, these will correspond 
to four-fermion operators. Therefore, at short distances we see processes mediated by heavy particles as 
point-like interactions. 

We are interested in evaluating decay amplitude for a given type of meson P. With the help of the 
effective Hamiltonian this can be done quite ‘easily’ using 

A{P^F) = {F\neSf\P) = ^E^CKMa(/i)(F|Q*(/i)|P), (59) 

where F denotes the final slate, i.e we are looking al P —)• F. The malrix elemenl {F\Qi{fi)\P) is 
evaluated al Ihe renormalization scale and is Ihe step lhal in general requires non-perlurbafive melhods. 

Equalion (l59l ) and Eig.|5]compiles Ihe essence of fhe OPE melhod which allow Ihe calculafion of 
an amplifude A(P —)• P) fo be factorize info Iwo conlribulions: 


Full theory OPE description 



1 1 


Sliort-dLstance Long-dLst ance 

Fig. 5: Typical full theory description vs. OPE description 


Short-distance effects 

The computation of short-distance effects, or perturbative calculation, are all contained in the 
Wilson coefficients C'i(//). These coefficients will include the contributions from integrating out 
the heavy particles such as top quarks, gauge bosons W and Z, and any new heavy field presenf 
in SM extensions. All effecls of QCD inleraclions above fhe faclorizalion scale /r are confained 
in fhese coefficienls. Cj(/i) are independenf of exfernal slates. This means lhal Ihey are always 
fhe same no mailer we consider fhe physical ampliludes where quarks are bound inside mesons, or 
any olher unphysical amplifude wifh on-shell or off-shell quarks in fhe exfernal lines. 
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Long-distance effects 

The computation of long-distance effects is present in the calculation of the matrix element {Qi{^)). 
This means that all low-energy contributions below the factorization scale fi are encoded in the ma¬ 
trix element. The task is then to evaluate local operators between hadron states. This is the hardest 
task to do in the OPE treatment, since it requires in general a non-perturbative analysis. 


As we saw, the most difficult aspect of OPE is the non-perturbative computation of (Qj(^)). Still the 
method offers a considerably simplified approach to the full amplitude computation. Next we shall 
illustrate the OPE in the context of —)• tt+tt” decay. We are, therefore, interested in the transition 


A'" 




+ 



n' 



+ 


i 


Tret"-level 



i 


Typictil QCD 


Fig. 6: General representation of —?> tt+tt decay. The two diagrams on the right are the typical leading 

contributions. 


s —)■ uud as shown in Eig. A convenient choice is to take all the light quarks to be massless and with 
the same off-shell momentum p. The Wilson coefficients Ci {p) can then be found in perturbation theory 
from the 3 simple steps: 

(1) Compute the amplitude {Afull) of the process in the full theory, i.e. in the presence of the W 
propagator, for arbitrary external states 

(2) Compute the matrix element {Qi{p)) with the same treatment for external states 

(3) Compute Ci{fi) from the relation Af^ii = A^ff = this is known as 

matching of the full theory onto the effective one 

Note that the choice of momenta leads to a gauge dependent amplitude. However, this cancels out 
with the gauge dependence from {Qi{p)) such that Ci{p) is physical. To order 0{as) we have four 
diagrams contributing: 1 with just W propagator; 1 (x 3 combinations) with W and gluon. Without 
QCD corrections we get the effective dimension 6 operator 

Q 2 = {siUi)v-A{ujdj)v-A , (60) 

with i,j color indices (the notation Q 2 is for historical reasons.). When QCD corrections are taken into 
account we at at order 0{as) the effective operator 

Qi = {siUj)v-A{ujdi)v-A , (61) 

which resembles Q 2 apart from the different color structure (see Eig. |7]). This structure is obtained with 
the help of the SU{N) Gell-Mann matrices identity 

{^i^ik^k){ujTjidi) = —-^j;^{siUi){ujdj) -|- —{siUj){ujdi). (62) 
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Fig. 7: Colour structure of typical QCD correction 


Gluonic corrections to the matrix element of the original operator Q2 involve not just contributions from 
itself but additional structure from Qi. We say that the operators Qi and Q 2 mix under renormalization. 
Therefore, a convenient basis for the above operators is 

Q2 i Qa 

Q±= \ , C± = C2±Ci, (63) 

where the renormalization of + and — are independent. We can then evaluate the full amplitude, which 
gives 


— iAfuii 


-i^v:,Vud 


+ 7+as In 



S+ + 


^1 + 7-as In 




(64) 


where S± is the tree-level matrix elements of Q± and 7± some numbers to be specify. This ends our 
first step. Next, we compute the matrix elements in the effective theory, which is given by 


-i{Q±) = -i^v:sVud 


, 1 /i^ 

1 + 7±as - + In —^ 
e 


s±. 


(65) 


The last step is matching. From Eq. (I64b and Eq. (1651) one easily reads the Wilson coefficient to be 


C± = l + 7±as In 


p? 


( 66 ) 


A note of caution is in order. In the computation of the amplitude we did not perform any quark field 
renormalizafion. However, fhe renormalizafion in the effective theory can be explicitly seen in Eq. (1651) . 
Having divergent Wilson coefficients would be a clearly signal of inconsistency. Therefore, the above 
result was obtained after a renormalization on {Q±) and using the MS scheme |h|. The presence of this 
divergence in Eq. (1651) is directly linked to the In Mw dependence of the decay amplitude in the full 
theory, which diverges in the limit M\y —>• 00. 

Summing up, the effective Hamiltonian describing —)• 7r'''7r“ decay is given by 

Tfeff = ^KsVud {C+{pi)Q+ + C.{p)Q.) (67) 

up to O(aslog) and with C± given by Eq. (1661) . In obtaining the decay amplitude from Eq. (1671) . the 
matrix elements {2tt\Q±\K) have to be taken, normalized at an appropriated scale fi. A typical scale for 
K decays is /r ~ IGeV <C Mw- Going beyond leading logarithmic approximation C)(aslog) makes 
the Wilson coefficients and matrix elements scheme dependent. This scheme dependence is unphysical 
and cancels out in the product of Wilson coefficient and matrix elements, as long as both quantities are 
evaluated with the same scheme. 
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In the example above we have whitenessed in first hand the OPE factorization. Schematically, its 
has the following structure 


1 + as^± In 


_p2 


1 I 1 

1 + as7± In —^ 


1 + a57± In 


( 68 ) 


which is achieved from the splitting of the logarithm into the sum of two terms. From the integration 
over virtual moment point of view this splitting reads 


(69) 


dk‘^ 




/_p2 /c2 


+ 

J-p2 k? 


Short-distance effects Long-distance effects 

or or 

large virtual momenta low virtual momenta 


At this stage it is important to have a closer look to the Wilson coefficients found above. We can 
rewrite them, for convenience, as 




1 + 


7±(as) 1 

-in —TT 

2 


with 7±(a5) 


( 0 ) 

dvr ’ 


and 7^^ 


4 

-8 


(70) 


The factor multiplying the logarithm is 0(1/10) for p = IGeV and therefore sizeable for perturbation 
theory; the logarithm itself is large 0(10) making perturbation theory to fail. We then have the scenario 
where the coupling constant is small, but we have large logarithms. This is actually a common situation 
in QFTs. The naive perturbation done in terms of the coupling constant is no longer enough, and we must 
resum the terms {aslnp/Mw)"' to all orders n. This procedure reorganizes the pertubation series by 
solving the renormalization group equation (RGB) for the Wilson coefficients. The RGB for the Wilson 
coefficients follows from the fact that the unrenormalized coefficients = ZcC± are p independent. 
This then leads us to 

^C±(m) = 7±(os)C±M with = (71) 


The parameters 7±(a5) are also known as anomalous dimension of C±. The Wilson coefficients are 
dimensionless numbers in the usual sense. However, because of the presence of the scale My/ in the log¬ 
arithm, these coefficients will depend on the energy scale p. Therefore, 7±(a5) are scaling dimensions, 
measuring the rate of change of these coefficients with a changing scale p. In general, when not working 
in the diagonal basis, these scaling dimensions are matrices mixing all Wilson coefficients. Using the 
RGB for the coupling constant 


das 
din p 



ill) 


we can solve Eq. (17X1) 


C±{p) = 


asjMw) 

as{p) 


if/Wo 


C±{Mw) = 


Ilf/Wo 


I -h /3o(a5(fi)/4vr) ln{M^/pf_ 


(73) 


where we have used the condition C±{M\y) = since no large logarithms should be present at p = 
My/. The expression above contains the logarithmic corrections as In Myy /p to all orders in as- This 
shows the general result that renormalization group method allows us to go beyond the naive perturbation 
theory. 

Two final remarks are in order. This approach can be generalized to go from Myy down to rric, 
for example. Then we can do this by steps, first evolving down to the scale rrp, and then see the theory 
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below this scale as an effective theory where the b quark has been integrated out. One should satisfy the 
continuity of the running coupling at the threshold, also known as threshold effects. These effects should 
be, in general, taken in consideration in the running. The second important effect is the generation of 
QCD penguin operators. 

3.2 Effective Hamiltonians: Some examples 

In this section we summarize the Standard Model operator basis for FCNC processes, which is useful 
when computing quantities based on the OPE formalism. We use the notation q = u,d, s, c, b. The loop 
functions appearing in the Wilson coefficients are given by 

^o(x)=-^+0(l/x) 

T 4 

/(x)=| + -lnx-^+0(l/x) (74) 

9{x) = - I - ^lnx + 0(l/x). 


• Current-current operators 




Fig. 8: Tree-level contribution and typical QCD correction topologies 


Ql ={siP^)v-A{PjV)v-A , 

0-2 ={siP’)v-AiPjb')v-A , 


Ci{Mw) 

C2{Mw) 


^ _ 11 as{mw) 
6 dvr 
11 asimw) 

2 dvr 


• QCD Penguin operators: 



(75) 


Fig. 9: QCD penguin topology 


23 ( 5 ) ={sib")v-A'^{qjq‘)v^A, 
q 

24(6) ={SiV)v-A , 

q 


23(5) 


f ctsimw) 
6 ° \m‘^) 47r 



as{mw) 

dvr 


(76) 
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Fig. 10: Electroweak penguin topologies 


• Electroweak Penguin operators: 


27 ( 9 ) ={SiV')v-A 7>Qq{<lj(f)v±A : 


27 = / 


\ a{mw) 


m 


w 


Gtt 


29 = 


2 

mf 


m 


w 


+ 


2 

mf 

.2 -5 1 -X 


a{mw) 

47r 


(77) 


28(10) ={SiV)v-A ^ ^2<7(9j9*)k±A , 28(10) = 0 


Electromagnetic and chromo-magnetic dipole operators: 



Fig. 11: Topology for electro- and chromo-magnetic dipoles. The cross means mass insertion. 


, C,, = + O 

2% = - , ft, = -i + O 

• AS = 2 and AB = 2 operators 



Fig. 12: Box topology 


(78) 


Q(A5 = 2) =(sid*)v',,(8,d^')y_A , 2(AB = 2) = {bid^)v^{hjd^)v-A (79) 
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Semileptonic operators: 


d 



s 


( 


f 


Fig. 13: Semileptonic penguin topology 


Q7V,a ={sid‘)v-A{ee)v,A , Q9V,ioa = {sib'^)v-A{fJ^fJ')v,A 

Quu ={sid'‘)v-AO^t^)v-A, QfLfj, = isid^)v-A{'PfJ-)v-A 


(80) 


With the list of d = 6 operators we are able to describe several SM flavour changing processes. 
For example, the relevant interactions to the parton process b ^ s + qq can be parametrized though the 
Hamiltonian 


= Y.V;,VpsY.Q{f,)QP + V,lVts Y. ■ (SI) 



If we are also interested in 6 —^ s transitions with a photon or a lepton pair in the final state, additional 
dimension-six operators must be included. We then get. 


^b^s+-y(ll) _ ^b—>s+qg Gp 

^SM ~ ^SM 7^ 


~~^^tb^ts [C7'y{fJ^)Q7'y + C8g{fJ‘)Qsg + Cw{d)Q9V + C'i0a(f)Qi0a] • 


(82) 


3.3 Effective theories for heavy flavours: a brief introduction 

What is there to integrate out, when there are no heavy particles? The answer to this question is in looking 
for different scales, e.g. in i3—physics mb 3> Aqcd- Then we can use the effective theory approach and 
integrate out all short-distance fluctuations associated with scales 3> Aqcd- In this scenario physics at the 
TTife scale are short-distance effects, while heavy quark related hadronic physics governed at confinement 
scale Aqcd reflect long-distance effects. The separation of the short-distance and long-distance effects 
associated with these two scales is vital for any quantitative description in heavy-quark physics. 

The prime example of this separation is on heavy quark effective field theory (HQET) 1191 . What 
is the physical picture behind HQET? 

• Scale hierarchy mt S> AQCD^ 02(ms) is perturbative (asymptotic freedom) 

• Heavy quark - heavy quark system is perturbative 

• Heavy-light bound states are not perturbative 

• Characterized by a small Compton wavelength; Aq r\j l/mg < I/Aqcd ~ -Rw(typical 
hadronic size) 

These requirements simplify the physics of hadrons made up of a heavy quark. In mesons composed 
of a heavy quark, Q, and a light antiquark, q (and gluons and qq pairs), the heavy quark acts as a static 
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color source with fixed four-velocity, , and the wave function of the light degrees of freedom becomes 
insensitive the mass (flavour) of the heavy quark. Since the magnetic moment of a heavy quark scales 
like liQ r\j XjmQ, its spin also decouples. This results in 

SU(2nQ) spin-flavour symmetry: In heavy-quark limit {niQ —> oo), configuration of light 
degrees of freedom is independent of the spin and flavour of the heavy quark. 



Fig. 14: Pictorial representation of the Hadron. The black central dot represents the heavy quark and the gay are 
the light degrees of freedom. Rh is the size of the hadron while Ag the Compton wave length of the heavy quark. 

In the effective description that we are looking there are some other important aspects: 

• Heavy quarks carries almost all momentum; 

• The momentum exchange between heavy quark and light degrees of freedom is predominantly soft 
(soft gluon exchange): 


^Pq =-^Plight = 0{KQcti) Auq = C)(Aqcd/?ti-q) ; (83) 

• Heavy-quark velocity becomes a conserved quantum number in mq —)■ oo limit. This is known as 
the Georgi “velocity superselection rule”; 

• Spin doublets such as {B,B*) should be degenerate in the heavy quark limit: ms* — mB = 
46MeV ^ Aqcd; 

• Away from the heavy-quark limit, l/mg corrections are expected: = (ci —co)A2/mb-|- 

0{l/ml)-, 

• The approach gives a prediction for (ms* — mB)/{mB* — ms) — mc/m;, ~ 1/3; Not far from 
the experimental value of 0.32. 

We can now construct an effective theory that makes the effects of the heavy-quark symmetry 
explicit, i.e. the HQET. The heavy quark Q in the interactions with soft partons (ligh quark q and gluon 
g) is almost on-shell, such that we can expand the momentum as 


Pq 


mqv^ 

hadron 
rest frame 
u^ = (l,0,0,0) 


+ 

residual off-shell 
momentum 

|A:| = 0{Aqcd) 


(84) 


Expanding the heavy quark propagator we get 

i ijfi -h mq) ijmQji + + mq) i I + jj ^ 

f) — mq 2mqv.k k'^ v.k 2 

We can see that in this expansion the propagator is no longer dependent on the mass of the heavy quark, a 
clear manifestation of the heavy quark flavour symmetry. To derive the effective Eagrangian is convenient 
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to decompose the Dirac spinor components into ‘upper’ (large) and ‘lower’ (small) pieces 

h^(x) = e^^Q^-^P+Q{x) 


Q{x) = + Hy{x)] , with 

carry the 
residual k 


( 86 ) 


Hy{x) = P^Q^-^P-Q{x) 


and = (1 zb i))/2 are projector operators. In the rest frame of the heavy quark = (1 + 7°)/2 
project onto the heavy quark components. An useful identity of these projectors is 


P+7^P+ = . 


(87) 


Note that /it,(x) and Hy{x) are eigenstates of the velocity operator, i.e. '^hy{x) = hy{x) and fHy{x) = 
—Hy{x). In terms of these fields the QCD Lagrangian can now be written as 


Cq =Q{ip-mQ)Q 

= hyilphy + Hy{ilp— 2mQ)Hy + hyipHy + Hyiphy 
= hyiV.Dhy + Hy{—iV.D — 2mQ)Hy + hyip±Hy + Hyip±hy 


( 88 ) 


where we defined iD^ = iD^ — v^iv.D, orfhogonal fo fhe heavy-quark velocify v.D± = 0. In fhe 
resf frame, = (0, D) confains fhe spafial componenfs of fhe covarianf derivafive. We see from fhe 
Lagrangian above fhaf fhe componenf hy{x) is a massless mode describing a quanfum flucfuafion around 
mass-shell, while Hy{x) is a massive mode wifh mass 2mQ describing a hard quanfum flucfuafion. This 
heavy componenf can be infegrafed ouf by using fhe classical equation of motion 


Hy = 


1 


2mQ -b 2mQ ^ 


72=0 


iv.DY . 


V 

small 

k < niQ 


ip_\_hy 


H ~ 

lly - 


(-) 


]hy 


A 


hy 

niQ J 


The effective Lagrangian can fhen be wriffen as 

-f^HQET hyiv .Dghy “b hyip_\_ 


1 


2mQ -b iv.D 


ip±hy 


= hyiv.Dshy -b hvip± ( - 


iv.DY . 




ipA_hy 


non-local 


local 


(89) 


(90) 


Therefore af leading only hy{x) confribufes, and fhe effecfs of Hy{x) are suppressed by powers of 
Aqcd/^tiq, i-e. 

^HQET = hyiv.Dshy + 0(\/mQ) , wifh iD^^ = id^ -b . (91) 

soft gluons 

If is sfraighfforward fo exfend fhe above resulf for higher order of power corrections. Af fhe nexf fo 
leading order we gef 


hyiiD s) hy 

t 


c 


HQET 


= hyiv.Dghs + 

SU{2nQ) 

spin-flavour 

symmefry 


— AhyS.Byhy 

t 

,9s- 


- -[ hy{iDs±fhy +CmYh)^hya^uG>^’'hy] + 

IniQ '-^ _ 2 _^ 


(92) 


kinetic-energy 

operafor 


chromo-magnefic 
from perf. fheo. 


24 



where we have make use of the identity 


P+ip^ip^P+ = P+ {W^Y + 


P^ 


(93) 


and i[D>^,DY = gsG^^ is the gluon fields-strength tensor. Here S is the spin operator and = 
— are the components of the colour-magnetic field. The Wilson coefficient is computed 

through RGE-improved perturbation theory 1331. The leading term is SU{2nQ) spin-flavour invarianf, 
i.e. no reference fo fhe heavy-quark mass (flavour symmefry) and invarianf under fhe spin rofafions 
hy ^ {1 + il2e.a)hy. The flavour symmefry is broken by fhe operators arising af order IjinQ and 
higher. Nofe, however, fhaf af fhis order fhe kinefic ferm conserves fhe spin symmefry, while fhe chromo- 
magnefic operator breaks fhe bofh flavour and spin symmefry. Figure [15] shows fhe changes in fhe 
Feynman rules in fhe new formalism. 


QCD 

i -^- j 

p—niQ 'J 


HQET 

i > J 


/ t, G 'nrnmr 


igY 




Pi CL onninr 


l 

4 k 




Fig. 15: Feynman rules QCD vs. HQET 


Up fo now we have infegrafed ouf small componenfs in fhe heavy-quark fields and obfained an 
effeclive local Fagrangian fhaf describes fhe long-disfance physics in fhe full fheory. The way heavy- 
quarks parficipafe in fhe sfrong inferacfion is fhrough fheir couplings to gluons. These can be sofl (virfual 
momenfum small, of fhe order of fhe confining scale) or hard (virfual momenfum large, of fhe order of fhe 
heavy quark mass). In fhe approach used above we have infegrafed ouf fhe hard gluons as fhey, confrarily 
fo fhe soff ones, break fhe heavy-quark symmefries. However, hard gluons are imporfanf once we decide 
fo add shorf-disfance effecfs. Their effecfs lead fo a renormalization of fhe coefficienls of fhe operators 
in fhe HQET Fagrangian, which are calculable in perfurbafion fheory. There is no renormalization af 
leading order. Nor renormalizafion of fhe kinefic operafor due fo Forenfz invariance (“reparamefrizafion 
invariance”). However, fhe chromo-magnefic inferacfion will be affecfed. 

Heavy-quark symmefry is parficularly predicfive for exclusive semi-lepfonic B decays such as 
B —5- If allow us to exfracf fhe CKM mafrix elemenfs \Vcb\ and |14fe| wifh confrolled fheorefical 

uncertainties, fhrough fhe correlafions shown in Fig. [Tti] . 

A clever use of heavy-quark symmefries allows us fo calculafe fhe decay rafe af fhe special kine¬ 
matic poinf of maximum momenfum fransfer fo fhe lepfons {v = v'), i.e. “zero recoil” poinf. How can 
we deal wifh confinemenf effecfs in fhis hadronic process? We can consider elasfic scaffering of a i? me¬ 
son, B{v) B{v'), induced by fhe vector currenf = 67 ^ 6 . The heavy quark acfs as a sfafic source 
of color, and fhe lighf quarks orbif around if before fhe action of fhe vecfor currenf. On average, fhe b 
quark and fhe B meson have fhe same velocify. The acfion of fhe currenf is fo replace insfanfaneously (af 
t = to) fhe color source by one moving af speed v'. Nofhing happens ifv = v', i.e. fhe final sfafe remains 
a B meson wifh probabilify 1 (case (a) in Fig. [17]). However, for v / v', fhe probabilify for an elasfic 
fransifion is less fhan 1. The lighf consfifuenfs find fhem seifs inferacfing wifh moving source. Sofl 
gluons will have fo be exchanged in order fo rearrange fhem and form a B meson moving af a differenl 
speed, leading fo a form facfor suppression. In fhe Heavy-quark mass limil, i.e. mi, —)• 00 , fhe process is 
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B D 



B* D* 

Fig. 16: Spin-flavour symmetry between B- and D-system 


described by a dimensionless probability function ^{v.v') called the Isgur-Wise function. The hadronic 
matrix elements describing the scattering process is then 

-^(B(v')\bv''y^by\B(v)) = Bv.v')(v + v'Y ■, with Bv.v') < 1, ^(1) = 1. (94) 

ms 

The IjiTiB factor on the left-hand side of the equation compensates the normalization of the meson state, 
i.e. {B{p')\B{p)) = 2mBV^{27r)^ 6{p — j/). We can then use the flavour symmetry to replace b— by 
c—quark in the final state, thereby obtaining a B ^ D transition. This transforms the scattering process 
into a weak decay process. 

Nothing will happen to the matrix element since in the heavy-quark limit the Lagrangian is invari¬ 
ant under the b^/ —)• Cy/ replacement (case (b) in Fig. fTTI) . i.e. 

^ {D{v')\cy''y^by\B{v)) = ^{v.v'){v + v')^ . (95) 

y/mBmo 

This is a very interesting prediction of the heavy-quark symmetry. Since in general the matrix element 
of a flavour-changing current between two pseudo-scalar mesons is given by 

{D{v')\c^n^b^\B{v)) = f+{q^){p + p'Y - f-{q^){p - p'Y , (96) 

with f±{qY the form factors and q = p — p' . The heavy-quark symmetry relates the two a priori 
independent form factors to one and the same function, i.e. the Isgur-Wise function {f±{qY oc ^{v.v')). 

Next, we can use the spin symmetry to flip the spin of c—quark in final state, thereby obtaining a 
B ^ D* transition (case (c) in Fig. fTTI). The current gets transformed to 

e)|c^/7^(l - 75)6^|5(u)) = €)\c^>-f'^by\B{v)) - e)\cy^'y^-f5by\B{v)) (97) 


with 


^ ^ {D*iv',e)\cy,rby\Biv)) 

y/mBmo* 

, ^ e)\cyn>^jYv\Biv)) =[e*Yv-v' + 1 ) - .vY{v.v') 

^mBmo* 


( 98 ) 
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(b) 
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t = to t> to 


Fig. 17: Evolution with time of the hadron for the different scenarios where spin-flavour symmetry is applied. 


where e denotes the polarization of the D* meson. The general Lorentz-invariant matrix elements of 
these hadron currents are given by 

{D*{v',e)\c^>jf^by\B{v)) = - ^ 

rriB + ruD* 

(T)*(n',e)|c„/ 7 ^ 756 „|S(t;)) ={mB + -- {p + p')f^A2{q‘^) (99) 

niB + mo* 

- 2mD*-^qij,A3{q^) + 2mD*^qtiAo{q‘^) 


with 


Asiq^) = 


2\ _ + mo . , 2\ BT.B - rUD* . , 2\ 


2 m D* 


-A,{q^)- 


2 m D* 


-A2iq 


( 100 ) 


In general, these exclusive semileptonic decays processes can be described by six a priori independent 
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hadronic form factors 


For 0 —)■ 0 transition: I —)■ F^Vl 

{FW)\Vi;^\I{v)) = y/mimp [^+(n.n')(r; + v')^ + i-{v.v'){v - v')^] 


' For 0 —^1 transition: I —)■ (101) 

{F*{v')\A'^^\I{v)) = ^mimF*[Ui{v-v'){v.v' + l)e* - U 2 {v.v')e*.vv^ 
-U3iv-v')e*.vv'^]. 

with and the vector- and axial-currents, respectively. The heavy-quark limit imposes the relations: 

U{v.v') = iv{v.v') = ^Aiiv.v') = CAaiv-v') = C{v-v') and ^-{v.v') = ^Aiiv.v') = 0. (102) 


These relations are model independent and are a consequence of QCD in the limit nib, S> Aqcd- For 
the processes described below the form factor correlations read 


C(n.r;') 


niBFniD'^ niB + niFi* 

2y/mBmD* , , 2 n 2JmBmD* 

-^- M{q ) —-^- 1 - 

niB + niFi* niB + mF)* 


2^mBniD* 
niB + niF>* 


Ao(g^) 


n -1 


(m-B +mD*)‘^\ 


Ai{q^ 


(103) 


with — 2mBmD*v.v'. These from factors play an important role in describing semilep- 

tonic decays as S —)■ In terms of the recoil variable oj = v.v', the differential decay rate in the 

heavy quark limit for these processes is given by 


dr(.B ^ D(*)£p) 

du 


GWer 

dSvr^ 


\Vcb\^ X F X 


(a;2 - 1 ) 1 / 2 ^ for F ^ D* 
(^2 _ i)3/2^2(^) ^ forF^F 


(104) 


with r]ew — 1 a parameter accounting for the electroweak corrections to the four-fermion operator medi¬ 
ating the decay and 


F= ( 


m^r^(l — r)^(w -|- 1)^ [ 1 -|- 


{niB + 


4cj 1 — 2rcu + 

oj + 1 (1 — r)2 


^D* f 

r =- for D 


ruB 


(105) 


for D 


Both F(a;) and F* (a;) are equal in the heavy-quark mass limit and are normalized such that (1) = 1, 
allowing a model independent extraction of \ Vcb\- The above differential decay rate expressions receive 
symmetry-breaking corrections, since the mass of the heavy quark is not infinitely large: 


• Corrections of order 0(a^(mQ)) (hard gluons) can be calculated perturbatively; 

• Power corrections of order 0 ((Aqcd/w^q)”) are non-perturbative and more difficult to control. 
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These corrections have been estimated and schematically give 


Luke 

Theorem 


lattice/ 

models 


j;(l) ~1 + ca{ois) + 0 X +cons X —+ ■ 




m 


Q 


Perturbative 


/■(I) ~1 + cvias) + const x H- 

lattice/ 

models 


( 106 ) 


The absence of the 0 (Aqcd/wq) term for B —)• D*lv^ at the zero-recoil limit, i.e. a; = 1, is a 
consequence of the Luke theorem: 

The matrix elements describing the leading 1 /mq corrections to weak decay amplitudes vanish at 
zero recoil, to all order in perturbation theory. 

The reason why in the semi-leptonic decay B —^ this is no longer true is more subtle and can be 

found in |[34l . Therefore, from the value of JA(1) the value of \ Vcb\ is estimated to be 

\Vcb\ = (39.48 ± O.bexp ± O-y-itheo) X 10"^ from lattice QCD , 
iKfel = (41.4 zb O.Bexp dz l.Otheo) X 10“^ from QCD sum rules , 

showing the power of HQET in describing non-pertubative systems. 


4 Some aspect of CP violation 
4.1 CP violation in the Universe 

One of the currents issues related with flavour physics and CP violation is the Baryon asymmetry of 
the Universe. Our understanding of the Universe is based on the Standard Cosmological Model, where 
the Universe expanded from a primordial hot and dense initial state at some finite time in the past (the 
so-called Big Bang) and is then followed by a period of inflationary expansion that ensured the curvature 
to become approximately zero ||35l. After this inflationary epoch, the Universe continued to expand but 
at a low rate. The rate of expansion is determined by the component of energy density that dominates the 
total energy density; at the present time this is the so-called dark energy component, which causes the 
expansion to accelerate due to its negative pressure. 

In our surroundings the objects are mostly made of matter, e.g. planets, stars, etc.. The present 
value of the baryon asymmetry of the Universe inferred from WMAP seven-year data combined with 
baryon acoustic oscillations is ll^ 

~ = (6.19 zb 0.14) X 10~^° , (108) 

riy 

where ub, ng and n-,, are the number density of baryons, antibaryons and photons at present time, 
respectively. The smallness of this quantity poses a challenge to both particle physics and cosmology. If 
we take inflation for granted, then in the early Universe any primordial cosmological asymmetry would 
be erased during the inflationary period. This is one argument that strongly suggests this asymmetry 
to be dynamically generated, instead of being an initial accidental state. Sakharov realized the need of 
three ingredients in order to create a baryon asymmetry from an initial state with baryon number equal 
to zero 1321. The three conditions can be stated as follows: 
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i) Baryon number violation; 

ii) C and CP violation; 

iii) Departure from thermal equilibrium. 

The first condition is rather obvious. If there is no B violation, the baryon number is conserved in 
all interactions and, therefore, commutes with the Hamiltonian at any time, i.e. 

[B,n] = 0 => B{t) = [ [B,'H]dt’= 0. ( 109 ) 

Jo 

The second condition is a little more delicate. Let us start by writing the baryon number operator 

B J (fx : V’J :, ( 110 ) 

where t) denotes the quark field of flavour i and :: denote fhe normal ordering. The C, P and T 
fransformafions of fhese fields are given in Tables[T]-El Thus, fhe fermionic number satisfies fhe following 
fransformafions 


V : 'il)\(x,t)Tpi{xp) : = : ipl{-x,t)ipi{-x,t) 

C : i)\{xp)'il^i{x,t) : C~^ =- : 'il^l{x,t)ipi{-x,t) : , (HI) 

T : 'ijj}{xp)'ipi{x,t) : T~^ = : -t)'ijji{x, -t) : . 

We can, Iherefore, find how fhe baryon number operafor fransforms under fhese operators. One gefs 

CBC-^ = -B , {CV)B{CV)-^ = -B , {CVT)B{CVT)~^ = -B . (112) 

Now, if C is conserved, fhen [C,7{\ =0 and fhe expecfafion value of fhe baryon number is given by 

= - (p'^^B{<d)e-^'^^'^ = - {B{t)^ . ^ ^ 


We see fhaf fhe expecfafion value (^B{t)J is only differenl from zero if C is nol a symmefry of fhe 
Hamiltonian. The same is true for CP. 

The last condition can be understood as follows. In thermal equilibrium, the thermal average 
are weighted by the density operator p = with (5 = 1/T. Assuming CPT invariance of the 

Hamiltonian we get 


B{t))^=Tv 




= Tr 


{CVT)-\CVT)e^^B 


= Tr 




{CVT)B{CVT) 


-1 



( 114 ) 


This means that, within a CPT invariant Hamiltonian, the thermal average is zero and no net baryon 
asymmetry is generated since the inverse processes will destroy the asymmetry generated in the direct 
decays. Departure from thermal equilibrium is very common in the early Universe when interaction rates 
cannot keep up with the expansion rate of the Universe. 

All three of these condition can be found in the SM, however the amount of CP violation from 
the CKM mechanisms is to small in order to generate such an asymmetry. 
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4.2 Weak and strong phases 

CP is violated in nature by the weak interactions. The imposition of CP invariance in a transition 
amplitude is expressed as 

{CV)f{CV)^ = f. (115) 

In classical physics, the square of the CP transformation is identical to the identity transformation, and 
therefore {CV)^ corresponds to a conserved quantum number. The value of {CV)^ for initial and final 
states must be identical, and is a purely arbitrary phase. Without loss of generality one can choose 
{CV)‘^ = 1. The CP transformations read 

CV \i) = |^> , CV |z) = |i) , (116) 


with an arbitrary phase. The CP constraints on the transition amplitudes from an initial state i to the 
final slates / and g are 


Final state 

f/f 


(/|f |i) = C«*-€/) {f\f\i) 
( 7 |f |i) = C«^+€/) {f\f\i) 


Final state 

ala 


(5|f |i) {g\f\i) 

{g\f\i) = {g\f\l) 


(117) 

From these transition amplitudes one sees that the modulus of each process is equal to the modulus of 
the CP conjugated one. Therefore, the CP-violating quantities are 


Final state 

f/f 



U\T\i) 

- 

(/|fF> 

Final state 


{a\T\i) 

- 

{a\f\i) 


{l\T\i) 

- 


’ b/b 


{a\f\i) 

- 

{a\T\i) 


i 

/ 0 CP violation 


I 

70 


(118) 


If we only had one final stale, say /, the relevant expressions would be the ones presented in the first line 
of Eq. (11171) and (II181) . In Eq. (11171) . we only have two phases for two complex equations and therefore 
no other quantity beyond the one presented in Eq. (II181) would violate CP. The fact that we have two 
final stales, / and g, leads to three arbitrary phases but four complex equations. Since we only have four 
real CP-violating quantities in Eq. (11181) . a physical CP condition on the phases of the decay amplitudes 
must remain. One can find thal Ihe quantity 

(/I f \z) (f\ f \i) {g\ f \i) {g\ f \i) - {g\ f\i) {g\ f \i) {f\ f \i) {f\ f \i) (119) 

must vanish if CP invariance holds. 

The presence of complex phases is closely related with CP violation. One simple argument to 
support this statement is due to CPT invariance. If CPT is conserved then CP violation is the same as 
T violation. Since T transforms a number into its complex conjugate, the CP violation must be related 
to the presence of complex numbers. One should stress, however, that the phase of a transition amplitude 
is arbitrary and non-physical, due to the freedom of phase redefinition of the kets and bras. Only phases 
which are rephasing invariant can lead to CP violation. These are in general relative phases of transition 
amplitudes. There are three types of phases that can arise in transitions amplitudes: 


• ‘weak’ or CP-odd phases. 

The weak phases are defined as fhe phases that change sign under CP conjugation, and usually 
originate from complex couplings in the Eagrangian. 

• ‘strong’ or CP-even phases. 

The strong phases are the ones that remain unchanged under CP conjugation. They may arise from 
the trace of products of an even number of 7 matrices together with 75 , or final-state-interaction 
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scatterings from on-shell states. The last one appears when the total amplitude for the decay i ^ f 
includes contributions from i ^ f ^ f, where the decay i —>• /' is through weak interactions 
and f ^ f through strong or electromagnetic ones. If the intermediate states are on mass shell 
this creates an absorptive part. These are also typical phases appearing on absorptive parts of loops 
diagrams in perturbation theory. 

• ‘spurious’ CP-transformation phases. 

The spurious phases are global, purely conventional relative phases between the amplitude of a 
process and the amplitude for the CP-conjugate process. These phases do not originate in any 
dynamics, they just come from the assumed CP transformation of the field operators and on the 
kets and bras they act upon f3. 


4.3 Types of CP Violation 

• CP- violation in Decays (direct CP violation) 

This type of CP-violation occurs when a meson P and its CP-conjugate decay at different rates 
to the same final state (up to CP conjugacy). This can be characterized by the relation 



( 120 ) 


In charged meson decays, where mixing is not present, this is the only source of CP violation: 

r(p- ^ /-) - r(p+ ^ /+) \Aj/Af\^ -1 

/± r(p-^/-) + r(p+^/+) \Aj/Af\^ + i' 

In order to have CP violation in transition amplitudes from i (i) to / (/), the transition amplitudes 
need to be a sum of two or more interfering amplitudes. The way we can see this is through an 
explicit example. Consider for instance 

(/I T\i) = , (/| T \t) = , (122) 

with A a real positive number, <5 a strong phase, cj) a weak phase and 9 a spurious one. It is easy to 
see that these transition amplitudes satisfy the first equation of Eq. (11171) with 


“ ?/ = - 6 *, 


(123) 


leading to 

K/|r|z)|-|(/|r|i)| =2i-^ = o. (124) 

Therefore, no CP violation is generated in such a transition. This is no longer true when there is 
interference. For that, we consider 


(/I T\i) , 

{f\T\i) -hy42e*(^2-<i>2-r02) ^ 


where 6i, 4>i and 9i are the strong, weak and spurious phases, respectively. Now, it is no longer 
possible to satisfy Eq. (II171) . We can evaluate the CP-violating quantity 

\{f\T\i)\‘^ - \{f\T\i)f ^ -4:AiA2 sin((5i - 62 ) sin((/>i - ^ 2 ) 

|(/|r|f)P -f |(/| r|r)|^ 2^2 2^2 4 ^i^ 2 cos(5i - 52)cos(0i - (/> 2 ) ' 

This expression will be used later on (in a different form) and, therefore, it is useful to make a few 
remarks: 
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- The existence of both weak and strong phases is crucial for CP violation; 

- Only relative phases (weak and strong) are relevant in physical processes; 

- The limiting case \4>i — (j) 2 \ = |(5i — () 2 | = 7r/2 and Ai = A 2 gives the maximum value of 
the CP asymmetry; 

It is possible to have CP violation without strong phases, if we have more than one final state and 
its CP conjugate. For example, having the transition amplitudes 

{g\ T\i) = , {g\ T\i) = ^ 2 e*('^ 2 - 02 +e) ^ 

with f = f and g = g, we can build the quantity 

(/I T\i) {g\ T\i) - {g\ T\i) {f\ T\t) = - (/-a). (128) 

In this quantity the strong phases are basically irrelevant and CP violation is dictated by the weak 
phases. However, these two distinct final states must be correlated such that the decay involve 
both simultaneously, otherwise this can not be an observable. This is actually the case in kaon de 
decays to vr+vr” and (see Sec. 14.41) . 

• CP-violation in mixing (indirect CP violation) 

This type of CP violation occurs when degenerated neutral mesons are not the CP eigenstates. 
This can be characterized by the relation 


Q 

P 


/I- 


(129) 


This is the only source of CP violation in semileptonic final states such as P^ —)• l~^X. In such a 
scenario the asymmetry can be observed in 


_ ^ i+x) - r(p;^^,(f) ^ i-x) _ i _ \q/p\2 

r(p^phys{t) ^ i+x) + r(p;,^,(f) ^ i-x) 1 + \q/p\^ ■ 

The meson Pphygit) represents the time evolved state. As we shall see in Sec. 14.41 

““=(Si) ■ 


(130) 


(131) 


This means that in our model we just need to know M 12 and ri 2 , in order to compute the CP 
violating observable. However, in general T 12 is plagued with large hadronic uncertainties, making 
this computation more cumbersome. 

• CP-violation in interference decays 

This type of CP violation only occurs in decays where the final state / is common for both P^ 
and P^. This can be characterized by the relation 


Im Ay 7 ^ 0 , 


(132) 


where Ay = {q/p){A{P^ —)• fcp)/A{P^ —)> fcp))- One example is where this asymmetry can 
be observed is in decays involving CV eigenstates with ±1 eigenvalues. Then we have the CP 
violating observable 


n/cp (^) 


r(^ ^ fcp) - r(P° ^ fcp) 

r(po ^ fcp) + r(po ^ fcp) ■ 


(133) 
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In the B-system this leads to 


“/cpW = ~ ! I cos(AmB^) + sin(Amgt) (134) 

The fist term on th l.h.s. corresponds to CV violation through mixing, while the last term is due to 
interference. In decays with [AcpI = 1 only the interference effect survives 


afcp{t) = ImA/^p sin(Amst). (135) 

We know Am b so we can measure Im A f^p. This quantity is the phase between mixing and 
decay amplitudes. To a good approximation \A{P^ —)• fcp)\ = |A(P‘^ —)• fcp)\ and since in the 
standard parametrization q/p = we have to a good approximation 


Im A f^p = Im 


q A{P^ fcp) 

pA{p0^fcp) 


~ sin 2/3. 


(136) 


4.4 Neutral Meson Mixing: General description 

In this section we shall follow closely the the discussions in |l9l. We are interested in describing how CP 
violation arises from the mixing of a neutral meson Pq with its antiparticle P^. Consider the simplest 
scenario where the two states \P^) and \P^) that are degenerated can neither decay or transform into 
each other. In such a system an arbitrary state can then be represented as 

m)) = a{t)\P°) + b{t)\P^) (137) 


and evolve through the Schrodinger equation with diagonal Hamiltonian. This scenario is exactly what 
happens in the neutral meson system when only QCD interactions are active. Turning on the electroweak 
interactions will induce, even if small, off-diagonal Hamiltonian entries mixing both states leading to the 
breaking of the degeneracy. In general, to describe the time evolution of this new state we would require 
the state 

IV'(f)) = a(t)|P°) + b{t)\P^) + ^ Ci{t)\ni) , (138) 


where n* are final sfafes of fhe P^ and P^ decays. However, we may sfudy fhe mixing in fhis parficle- 
anfiparficle system separafely from ifs subsequenf decay if fhe following conditions are satisfied: a(0), 6(0) / 
0 and Ci(0) = 0; fime scale larger fhan fhe fypical sfrong-inferaclion scale; no inferacfions befween fi¬ 
nal sfafes (Weisskopf-Wigner approximafion). In fhis way fhe neufral meson mixing is described by 
fwo-componenf wave funcfion 

Mt). 

evolving according fo a Schrodinger equation 


^(t) = 


(139) 




M - -r I at) 


H 


(Mil - 


Mi2 - |ri2^ 


M21 — -r 2 i 


M 22 — -r22 




(140) 


wifh t fhe proper lime, 77 a 2 x 2 malrix written in fhe P^ — P^ resl frame and M, T ifs Hermifian parts. 
The meson flavour basis | |T’*^)| satisfies fhe following relations: 


- Orthogonality: (p0|p0) = (p0|p0) = 0 and {P^\P^) = (P0|p0) = 1. 
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- Completeness: |P°)(P°| + |P°)(P0| = 1. 

- Effective Hamiltonian decomposition: Ti = H 

In terms of the total Hamiltonian 


CP 


CPV 


Ti = T-LqcD + ^QED + ^EW 

we can have the usual perturbation expansion, up to second order, 

{i\'H\n){n\'H\j) 
mo - {En - ie) 


m--t] ={i\n\j)+Y, 




( 141 ) 


(142) 


where i and j can be or and \n) any eigenstate of T-Lqcd + Pqed with eigenvalue En, but with 
n / , K^. Using the identity 


1 

mo - {En 


ie) 


= P- 


1 


mo - En 


iTT6{mo - En) 


(143) 


we can find the Hermitian matrices M and T up to second order in perturbation theory. They are given 
by 


mo<5ii + {*|'HE-wb') 


{i\HEw\n){n\HY?<N\j) 


M«= (.|WU) 

Tij = 27 r^( 5 (mo - En){i\HEw\n){n\HB-^\j) , 


(144) 


with P projecting out the principal part. The general CP transformation of the states is given by 


CV\P^{p)) = -P^\P^{-p)) and 

CV\P^{p)) = -e-^^\P^{-p)). 

(145) 

We then see that the (i7P-invariant combinations are 

given by 


|Pi) = ^(|pO)-e*«|P^)) , 

|P2) = ^(|pO)+e*«|:^)) , 

(146) 

in such a way that 



CV\Pi) = \Pi) and 

CP|P2) = -|P2). 

(147) 


Requesting CP invariance is equivalent to the Hamiltonian condition P = {CV)P{CV)^. This in turns 
imply Hi 2 = and Hu = H 22 - Note that ^ is a spurious phase without any physical relevance, 

therefore, we conclude that the phases of H 12 and H 21 also lack meaning. We can then summarize, in 
Table 0 the physical conditions given the present discrete symmetries. In these notes we are interested 
in CPT -invariant theoriesjl As a result, the matrix responsible by the evolution of our system is given 
by 

^ (Mu - frn Mi2 - 1 ri2^ 

Mn-fTn, 

If CP was a symmetry of the system, i.e. [CV, H] = 0, the states |Pi, 2 ) would be the true eigenstates of 
Eq. (11401) . The presence of C7P-violating terms will destroy this result, in order to see this we go to the 
mass basis. The time evolution in Eq. (11401) becomes trivial in the mass basis where the Hamiltonian H 


(148) 


^the general framework can be found in m , for example. 
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Table 6: Constrains on the mixing matrix when the system respect some or no discrete symmetries. 


Conservation 

Constraints 

cvr 

Pii = H 22 {Mil = M 22 and Tn = r 22 ) 

CP 

Hii = H 22 and IP 12 I = IP 21 I 

T 

IP 12 I = IP 21 I 

None 

H is general 


is diagonal. The complex eigenvalues and corresponding eigenvectors {\Pl,h)) of H are given 

by (using the phase convention = 0 ) 


Eigenvalues: 

% 

Mil - ^'^11 - pq = = rriL - -Tl , 

% 

Mil - §rii +pq = = ruH - -Th 


Eigenvectors: 


\Pl) 


1 

\ApF^-W 


\Ph) 


1 




(149) 


where 

= Mi 2 - ^ri2, = Ml^ - • (150) 

Note that mH,L and T h,l are not eigenvalues of M and T but, nevertheless, satisfy the relations Tr M = 
mu + mi = 2Mii and TrT = T/f + = 2rii. They can also be written as 


rriL =Mii — Repg, mu = Mu + Repg, 

El =rii + 2Impg, Th = Tii - 2\mpq. 

We are using a convention in which Am = mu — m^ > 0. It is also convenient to define 

_ PH + PL _ V A- -A *AT. 

P =-^-= m - -T , Ap ^ PH - PL ^ Am - -AT . 

with 


(151) 


(152) 


A or. mH + rriL ,, 

Am =mH — mi = 2Repg, m =---= Mu , 

P (153) 

AT=TH-TL = -^\mpq, T= ^ = Tn ■ 

The relation between these parameters and the elements of H in the flavour basis can be found through 
the diagonalization procedure, leading to 

P = Hii = H 22 , A/i = 2\/H 12 H 21 , - = \ (154) 

p V Hi 2 Ap 

Which in a more familiar form can be written as 

{Amf - ^ {Arf = 4|Mi2p - |ri 2 p , (Am) (AT) = 4Re {M^ 2 ^i 2 ) , 

l^^q^ I Ml, - §r *2 2M*2 - ^ri 2 Am - fAT ^ 

1 + e p Y Mi 2 - |ri 2 Am - fAT 2Mi2 - iTi 2 

The small complex parameter e depends on the phase convention chosen for the — P^ system. There¬ 
fore, as a spurious phase, it shall not be taken as a physical measure of CP violation. Nevertheless, 
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the quantities Re e and r are independent of phase conventions. Therefore, departures of r from 1 are a 
measure of CP violation. If r = 1 (e = 0) then p = q and the mass eigenstates in Eq. (11491) coincide 
with the CP eigenstates in Eq. (11461) . When this parameter is not 1 there is a small admixture of the CP 
eigenstates in the final (mass) eigenstates, i.e. 


\Pl) = 


1 




(|Pi)+e-|P 2 )) , \Ph) = 


1 




(|P 2 )+ 6 -|Pi)) 


(156) 


The physical observables measured in neutral meson oscillations can be parametrized by the dimension¬ 
less parameters 


Am 


X = 


y = 


AT 


r — 1 = 


- 1 . 


Im(Mj^ 2 ri 2 ) 


On can check, after some algebra, that 

IpP — Iqp 1 — 

\p? + \q? ~ l + r-2 “ |Mi 2|2 + |ri 2 / 2|2 + i[(Am)2 + (Ar/2)2] ’ 

which is actually the quantity which measures the non-orthogonality between Pl,h, i-C- 

I PC l + PI 

Concerning time evolution. Eor the \Pi u) states the solutions is rather trivial 


\PL,H{t)) = TL^H{t)\PL,H) , with Tx{t) = e 


— p-pxt _ g-rxi/2p-imxt 


(157) 


(158) 


(159) 


(160) 


The states produced in strong interactions are the \P^) and |P°). It turns then useful to look at the times 
evolutions for these states. Using Eq. (11601) and Eq. (11491) . we find 


I^O(f)) [TH{t)\PH)+TLit)\PL)] , 

2p 


|p0(i)) lTH{t)\PH) - TLit)\PL)] . 


(161) 


This form is useful for sfudies in fhe system. An alfemafive expression, useful in fhe 


system 


where 


|P°(f)) = /+(f)|P°) + ^/-(f)|P0), |P°(f)) = U{t)\P^) + -f-{t)\P°) 


f±it) = 


P 






(162) 

(163) 


2 2 

One see righf away fhaf for t = 0 one has, for example, a pure \P^) sfafe, which as lime evolves mixes 
wifh The probabilifies of finding fhese slates al later lime are fhen given by 


V{P° ^ P°;t) =V{P^ ^ P0;t) = |/+(i)p = ^exp 


Tt 

'Y 


^ P 0 ;t) = 

V(P^ P^;t) = 


q 


1 

q 

2 

exp 

Tt 

p 

2 

p 


2 

p 

q 


1 

“ 2 

p 

q 

2 

exp 

1 


(cos(Amf) -h cosh(Ar/ 2 )) 

(— cos(Amf) + cosh(Ar/ 2 )) (164) 

(— cos(Amf) 4 - cosh(Ar/ 2 )) 


Nofe fhaf several imporlanf aspecls in meson oscillalions were no! covered here. Eor example, fhe 
existence of a reciprocal basis and ifs imporfance, Ihis fopic and many ofhers can be found in 12113. 
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4.5 Neutral Meson Mixing: The and ^ — B^d,s systems 

The general formalism for meson oscillations, shortly described in the previous section, can now be 
applied to the particular systems which we are interested in. 


4.5.1 The system: |K°) = \ds) , {K^) = \ds) 

In this system instead of using the notation heavy (H) of light (L) for the mass eigenstates we change it 
to the standard notation of long (L) and short (S) life time particle. This means 

\Ks)^\Pl) and \Kl) ^ \Ph) ■ (165) 


From the calculation of the Kl — Ks mass difference, Gaillard and Lee [133] were able to estimate the 
value of the charm quark mass before its discovery. Also, kaon oscillation offers, within the Standard 
Model, a viable description ofCV violation in —)• tttt decay. 

In the kaon system we have 



51.16 ±0.21ps, 


ruK = 497.614 ± 0.024MeV , 
end up having to a good approximation 


rs = -^ = (0.8954 ± 0.0004) x 10"^ps 
ArriK = (3.484 ± 0.006) x lO^^^MeV 


ArriK — 2|Mi2| 



ri 2 


(166) 

(167) 


(168) 


which lead us to 

l + r2 “ 4 V^i2y 


(169) 


In order to relate e to measurable quantities we need to look at decays in the kaon system. The best 
channels to look at are the decay to pion. The pions are pseudo-scalars, which tell us that under the 
discrete symmetries C, P and T they transform in the same way as the bilinear V'TsX iri Tab.|2l Therefore, 
under CP we have 


One pion state: CP\7r^) = — |vr°), 

Two pion state: , CP|7r’''7r“) =+|7r’''7r“), (170) 

Three pion state: CV\'k^-k^) = —Ivr^vr^Tr*^), CV\'k'^'k~t:^) = (—l)^|7r“'"7r“7r°). 


For the state iTr+Tr^vr*^) the relative angular momentum (i) between and tt+tt” is relevant. We can 
then conclude, from the above properties, that a two pion final state is CP-even and a three pion final sfafe 
(wifh zero angular momenfum) CP-odd. The kaon decays fo fwo or fhree pions can fhen be characferized 
as 


CV conserving: 


Ks^ 271 (viaATi) 
Kl Stt (via K 2 ) 


CV violating: 


Ks —)• Stt (via K 2 ) 
Kl 2tt (via Ki) 


(171) 


This type of CP violation is called indirect since it comes from the presence of a small admixture of 
CP eigenstates in the final mass eigenstates, and not from a explicit breaking in the decay. We define 
the decay amplitudes: 


Decays: 


{{7r7r)i=o\n\K°) = 
((vr7r)r=2|P|P°) = A2P^^ 


CPT 

decays 


{{7nT)i=o\n\K^) = -A*oP^° 
{{Tnr)i=2\n\l^) = -A^P^^ 


(172) 
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Here So and S 2 are the phase shifts where isospin quantum number / = 0 and / = 2 in tttt scattering. 
These are strong phases, and thus they do not change sign under CPT conjugation. These phases were 
factored out explicitly so that the phases of ^ 0,2 are all of weak nature 


Aq = |Ao|exp[z(/>o], A 2 = \A2\&xp[i4>2] ■ 

From the combination of Eq. (11721) and Eq. (11491 ) we get 

aS,l ,, ^ I.,, \ Mo±7-4o r.j, 1 (1 + e)Ao =F (1 - r-jr 1 

Aq’ ^AT^'n)i=o\H.Ew\Ks,L) = ^=====exp[z5o] =- , , -exp[z5o], 


(173) 


VW+W) 


•\/ 2 (l + 


\S,L _ 


^{i'n''7T)i=2\'HEw\Ks,L) = 


pA 2 ±qA% (1 + e )^2 T (1 - 


(174) 


=exp[z(5o] = 


Using the isotopic spin decomposition for the two pion states 


VW+W) 


exp[z(52 


(tt TT I = ((7r7r)/=o|-^ - ((7r7r)/=2|\/-, 


^((vr+TT I + (vr TT^l) = {{Tnr)i=o\\ - + {{7nT)i=2\^ , 


V2 


(175) 


'v^ 


where the charged pion state is correctly normalized, the transition amplitudes are defined as follow: 


M^S,l 7r°7r°) ^{7r^TT^\TiEw\Ks,L) = '^^ 0 ’ ~ 


A 


S,L 
2 > 


A(Ks,l^e~^e ) =(7r+7r 1'HewIJ^S,l} = \/, 


(176) 


and 


A(K^ —)• 7r’''7r ) =(7r’''7r \Hew\K'^) = —f 


A{K^^e^e )={e^ti \Hew\K^) =— 


V3 L 
1 




1 


A{K'^ ^e^e^)={e^e'^\'Hew\K^) = ^ 

V3 L 

1 


A{K^ 7r%^) ={E^P^\nEw\K^) = - 


V3 L 


V 2 A 0 + 

V2A*q + 

Ao - V2P^^^-^°^A2 
A*q - V2P^^^-^Aa* 


(177) 


Experimentally the decay of Kl to two-pion final slate is observed and one can define useful quantifies 
lhat measure Ibis CP violalion, i.e. 


A(Ki —>■ vr'^TT^) Aq — '/ 2A2 
Voo =^TT 7 --^-77 = e - 


2e' 


V+- = 


A{Ks TrOyrO) - a/2A^ 
A{Kl vr+vr") _ a/2^^ + A^ 


1 - V2uj ’ 

J 


(178) 


= e + 


A{Ks^e+e-) a/ 2A^ + A§ l + ujly/2' 

where uj = Re[^ 2 /^o]e*^'^^~‘^“^. The experimenlal values for Ihese quantifies are 1301 

ryoo =(2.221 ± 0.011) x 10"^ exp[f(43.52 ± 0.06)°] , 

77+_ =(2.232 ± 0.011) X 10"^exp[^(43.51 ± 0.05)°], 


(179) 

(180) 
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showing how close these two quantities are. However, the fact that r/oo 7 ^ rj-i _is the source of CP 

violation in the kaon decay to two-pion final states. The parameter e is the measure of indirect CP 
violation, which can be parametrized by amplitude ratio 


^0 

^0 V2AmK 




Re[24o] 


(181) 


Both e and ^ have phase dependent conventions; however, since r]^ _and r/oo are experimental quantities 

e is convention independent (similar to e'). For direct CP violation parameter e', where we have a direct 
transition of a CP-odd (even) term to a CP-even (odd), it is convenient to parametrize it through the 
following relation 

V 2 US AlAl 


e' = 


(182) 


For small e, i.e.lel <C 1, we can then write 


e ~ e -t- ^ 


, Im[24o] 
'Re[2lo] ’ 


Im[242] Imf^do] 
V2 Re[24o] [Re[A2] ~ R^J 


^ Re[242] 


(183) 


It is possible by a choice of phase convention to set Im[24o] = 0, known as Wu and Yang phase conven¬ 
tion. The expressions are then simplified fo 


In Wu-Yang phase convention: 


e ~ i( 2 r/+_-hr/oo) - e 






Im[242] 


(184) 


y/2 Im[24o] 


where 4)' = 7r/2 + <^2 — 5o — 7r/4. The parameter e', which is only non-zero if fhere is CP violation 

in fhe decay amplifudes is proportional fo fhe difference of _and tjqq, which almosf cancel. A more 

pracfical quanfify fo evaluafe e' is fhe rafio given by 


Re(eVe) ~ 


1 


6(l + a;/v/2) 


1 - 


Voo 


V+- 


(185) 


The parameter u) is small, i.e. |u;| ~ 1/25, and often ignored. This quanfify can be accurately measured 
on fhe rations T{Kl —)• 7r^TT^)/T{KL —)• tt+tt”) and T{Ks —)• 7r^'n-^)/T{Ks —>■ tt+tt"), in terms of 
which 

' tioo 


V+- 


^ _ T{Kl 7r°7r°)/r(iTL ^ Tr+Tr") 
“ r{Ks vr+TT-) 


(186) 


From fhe til fo AT —)• tttt dafa we gel iBOl 

|e| = (2.228 ±0.011) X 10"^ Re[e7e] = (1/65 ± 0.26) x 10"^ (187) 

Anofher imporlanf observable is fhe CP asymmefry of time inlegrafed semi-lepfonic decay rales 

Wu-Yang 




r{KL i+ueTT-) - r{KL £-i>e7r+) 
r{KL £+Ui7r-) + r{KL £-ug7r+) 


1 - 


1 ± 


2Re[e] 

l±|e/ 


2Re[€] 

l±|e/ 


(188) 


This observable measure fhe orlhogonalily belween Kl and Ks, see Eq. (11581) . 

We can now shortly evaluafe e wilhin fhe SM. The off-diagonal elemenl M 12 in fhe kaon syslem 
is given by 

2mKMl2 = (l^\n^ff^\K^), (189) 
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where the factor 2m k is due to the normalization of external states. is the effective Hamiltonian 

for the A5 = 2 transitions, this in lower order is given by the box diagrams in Fig.|2^. We can integrate 
out the heavy internal particles and run down to low energies with the renormalization group. By doing 
this we obtain the contact term 


Q{IS.S = 2) = {sd)v-A{sd)v-A ■ 


(190) 


The effective Hamiltonian, including leading and next-to-leading QCD corrections in the improved 
RGBs, for scales ^ = 0{mc) is given by 


-H 


A5=2 

e// 


[{v:,v,d?mSo{xc) + {v:M%So{xt) + 2{v:M{v;MmSo{xc,xt)] 


. Gl 

IOtt^ 

X [«f)(^)]-2/9 


1 + 


a 


(3)(m) 


dvr 


-h 


g(A5 = 2)+h.c. 


(191) 


(3) 

with Os the strong coupling constant in an effective three flavour theory and J 3 = 1.895 in NDR 
scheme phi]. The Sq loop functions are given by (xj = mf/M^) 


mt \ 


So{Xc,Xt) =x. 


1.52 


In^- 


5o(Xc) = Xc , 

3xj In xt 
A{l-xt) 4(l-xt)2 


3xi 


(192) 


The factors are correction factors describing short distance QCD effects and at NLO read JQ: 

r/i = 1.38 ± 0.20, rj 2 = 0.57 ± 0.01, % = 0.47 ± 0.04. We can now take the matrix element of our 
contact interaction, the non-perturbative part of the calculation, we get 


{K<^\Q{AS = 2)\K^) = , 


Bk = BK{^i)[af\^i)] 


2/9 


1 + 


dvr 


h 


(193) 


where Bk is a renormalization group invariant parameter and Fk = 160 MeV is the kaon decay constant. 
We finally find the matrix element to be 

Mi2 = ^FlBKrriKM^ [(k";.Kd)^i5o(xe) + {V:,Vuf mSo{xt) 

+2{V:,V,d){V:sVtd)mSo{xc,xt)] . 

Inserting this last result into Eq. (11811) we obtain, in the Wu-Yang phase convention, 

e ~ C,BK\m[V:,Vtd] {MVc*sVcd] [viSo{xc) - VsSoixc, xt)] - Re[V*Vtd]mSo{xt)} , (195) 


with 




6\/27r‘^ AmK 


~ 3.837 X 10"^. 


(196) 


Corrections of the order Re[V'j*l/trf]/Re[V"J^17cd] = 0{X^) have been neglected and we have used the 
unitary relation Im[(17J^14d)*] = Im[Bj*14d]- Using the standard CKM parametrization, Eq. (l29l) . and 
comparing Eq. ll95l with the experimental value Eq. (11871) we can extract the CKM CP phase 6, important 
for the unitary triangle analysis. 

The Kl — Ks mass difference is now trivial to extract from Eqs. (11941) and (11681) . Using the fact 
that ^ lUc^Ucdl, the charm-quark contribution in the loop dominates and we get 


q2 

AmK cr. r^F^BKmKM^\V:,Vcd\^So{xc ). (197) 
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4.5.2 The ^ - B^d,s system: |B“) = \hd) , \B^d) = \bd), \B°J = |6s) , \B0,) = \bs) 

Contrarily to the system, in the — B^d,s system the long distance effects are very small 

|ri 2 | <C IM 12 I (see discussion in [9]). Therefore, to leading order in \ Ti 2 /Mi 2 \, we get 


= 2\Ml^\ , ATs, = /\Ml^\ , 


V 


1 

1 - -Im 

2 


(IK 

\Ml2 


(198) 


with q = d,s and the notation of H, L states given in the general discussion is kept here. In the B- 
system we have ~ l^cd^cfelj however due to the quarks spectrum, i.e. mu,c ^ the top quark 

contribution is now the one dominating. 




Fig. 18: Box diagram contributing to mixing 


In a similar way as was done for the iT-system, the off-diagonal element is given by 

2mB,\M[^\ = ■ 

The effective Hamiltonian , obtained from integrating out the top quark, is given by 

Gl 


(199) 


nj ^B=‘l 
^eff 


Ihvr^ 




dvr 


Q(AH = 2) +h.c., (200) 


with Hq = 0{mq) and J 5 = 1.627. The contact term is given by 

Q{AB = 2) = (bq)v-Aibq)v-A ■ 

Taking the matrix element we get, in an analogous ways as for the K system, 

(:^,|Q(Ai? = 2)|i?0) ^ KBMF\rn% , Bb, = BbMIKHnK''^'' 


( 201 ) 


1 + ^^J, 


Att 


with Fb^ the decay constant for Bq. Using Eq. (11991) and the first relation in Eq. (11981) one gets 

A Gl 

AruBa ^ ' 


( 202 ) 


-^mmB,BB,F^B,MwSo{xt)\VtqV. (203) 

This relation for the mass difference in important in the standard analysis of the unitary triangle. 


5 Flavour Physics Beyond the SM 

CP violation in the SM comes from the flavour sector. However, CP violation observed so far is too 
small by a factor of 10 “^® to explain the absence of anti-matter, which means that physics beyond the 
SM (BSM) must exist. Therefore, a right question wouldn’t be whether BSM exist or not, but at which 
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scale it will show up. For particle physicists, there are also two different reasons hinting us that surprises 
might be awaiting to be discovered by at around TeV scale. 

The first reason is coming from so-called ‘the fine-tuning/hierarchy problem, which is related 
to the lightness of the Higgs particle compared to a arbitrarily high scale (below PLACK scale). The 
recently discovered Higgs particle, which is the only missing piece of the Standard Model (SM), may be 
the first fundamental scalar particles we have discovered. It is employed for the electroweak symmetry 
breaking (EWSB) and for generating masses for the fermions. While it explains why the weak force, 
unlike all other forces, is very short-ranged, it also provide us a problem. In order to obtain the observed 
~ 125GeV, which is far much smaller than the size of quantum corrections from seemingly unrelated 
forces, a miraculous fine-tuning has to be invoked. However, this ‘naturalness’ problem can be solved, if 
new physics exists beyond the Higgs particle. And the corresponding new physics and new particles are 
predicted to be observed in the scale of EWSB. 

The other reason is coming from cosmology. According to the standard model of cosmology, 
which is now well established, some twenty percent of the energy of the universe comes from matter that 
does not shine (that is, electromagnetically neutral), but is much more massive than neutrinos. There 
are no candidates among particles in the SM for this type of matter, so called “dark matter (DM)”. The 
cosmological and astrophysical observations suggest us that the mass of the DM particles is light enough 
to be produced and observed at the TeV scale. 


In a general picture of physics beyond the SM one can see the amplitude of a given process being 
described in the form 

, \CsM . CnP 
out) ~ Aq 


A (in 




+ 


A 2 


(204) 


The coefficients Csm{np) will the depend of the process and SM extension. However, we can see that 
flavour physics can place strong constraints on new physics even beyond the EHC reach. In scenarios 
where new physics does not respect the SM symmetries or breaking pattern, the coefficients tend to be 
hierarchical Csm ^ Cnp, allowing to probe large scales. 


Eor example, in the SM there are only two | AF| = 2 operators entering in and 

mixing, see Sec. |4l A common feature in NP flavour models is the presence of additional four-quark 
operators, which change the flavour number by two units. Those interactions can place a strong bounds 
on the NP scale. Without specifying its origin we can typically describe them through the effective 
Eagrangian 


.|AF|=2 

t-NP 


1 

A2 


5 


E 


QolQ^ 


1=1 



1=1 




with the dimension six | AF| = 2 operators given by 1 441 
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^2 — 
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'^2 — 


'^0R^aL^^^R^aL > 

^qc,qp 
^3 “ 
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{qpRqah) {qfSLqaR) , 
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Table |7] summarizes the bounds on the new physics scale or Wilson coefficient. As seen in Table |7] new 
physics scale tends to be pushed to very high scales (several orders above the TeV scale) due to flavour 
consfraints. Saying it in other way, in order to have new physics at the TeV scale we need it to have 
specific flavour strucfure not so different from that of the SM at low energies. The quest for viable 
new physics models is known as “New Physics flavor problem". In this section we will look at some 
extensions and their confrontation with flavour observables. 
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Table 7: Summary of the most relevant bounds on d = 6 four-quark flavour operators. Taken from ll42l 


Operator 

Bounds on A 

Re 

in TeV (cf^ = 1) 
Im 

Bounds on cf^ (A = 1 TeV) 
Re Im 

Observable 

{'^dL){'^dR) 

9.8 X 10^ 

1.8 X 10^ 

1.6 X 10^ 

3.2 X 10^ 

9.0 X 10"^ 
6.9 X 10-9 

3.4 X 10-9 

2.6 X 10-11 

Am^; eK 

{cRUL)icpUR) 

1.2 X 10^ 

6.2 X 10^ 

2.9 X 10^ 

1.5 X 10^ 

5.6 X 10-'^ 

5.7 X 10-® 

1.0 X 10-1' 

1.1 X 10-® 

Atud; \q/p\, (t)D 

(hrdLf 

{bRdL){hLdR) 

6.6 X 10^ 

2.5 X 10^ 

9.3 X 10^ 

3.6 X 10^ 

2.3 X 10-® 
3.9 X 10-'^ 

1.1 X 10-*^ 

1.9 X 10-1' 

Ams/, S^Ks 

{bRSL){bLSR) 

1.4 X 10^ 

4.8 X 10^ 

2.5 X 10^ 

8.3 X 10^ 

5.0 X lO-'^ 

8.8 X 10-® 

1.7 X 10-^ 

2.9 X 10-9 

^TYIQs ; ^1p(p 


5.1 Minimal flavour Violation hypothesis 

One popular solution to the flavour puzzle is the minimal flavour violation (MFV) hypothesis Il43l . The 
MFV is not a model, but a simple framework for the flavour structure on new physics seen from and 
effective field theory point of view. The main assumptions are: 

- No new operators beyond those present in the SM; 

- All flavour changing transitions are governed by CKM, i.e. no new complex phases beyond those 
present in the SM 

A (in —)■ out) oc Xckm i^SM + ^np) ■ (207) 

'-V-" 

real 

In the SM the CKM is the only source of flavour violation and is approximately a unit matrix. The SM 
has no flavour changing neutral currents at tree level, and in this way CKM-induced flavour change in¬ 
teractions are guarantee to be small. If new physics is flavour-diagonal such that all the flavour-violation 
goes through the CKM, then we are guaranteed to have small effects. Therefore, just like in the SM, 
Yukawa couplings are the only sources of flavour symmetry breaking in physics beyond the SM. In MFV 
we then have a CKM and GIM suppression working in a similar way to the SM, allowing and EFT-like 
approach. 

The effective approach of MFV takes into account the larger flavour group in the SM when the 
Yukawa intersections are absent, see Eq. (Ell. This symmetry is explicitly broken in the presence of 
the Yukawa terms, but we can formally restore it by promoting the Yukawa matrices to be spurious 
(appropriate dimensionless auxiliary fields), which transform under the flavour group in the appropriate 
way to make it invariant (see Eig.fT^. 

5(7(3),, X SU{3)uj, X 5t/(3)rf^, 



K„(3,3,l) T/(3,l,3) 

Fig. 19: Global flavour symmetry and spurious fields ttansformations 


44 













Using the SU (3)^ x SU{3)f symmetry, we can rotate the background values of the auxiliary field 
Y, as we did in Eq. (fTTl) . 

yd = ^d, Yu = Yckm^u 1 ^1.= (208) 

MFV requires that the dynamics of flavour violation is completely determined by the structure of the 
ordinary Yukawa couplings. In particular, all CV violation effects originates from the CKM phase. 
From the hierarchical structure of the Yukawa matrix, i.e. only top Yukawa is large, we can define the 
new physics flavour coupling 




0, i = j 


(209) 


The basic building blocks of FCNC operators are 


Table 8: Relevant d = 6 MFV flavour operators and their bounds on new physics. Taken from ll45l . 


MFV d = 6 operator 

Observables 

A [TeV] 

^{W^FCliiqLf 

ex, Amoa 

5.9 

<t’HdRXdXFC(^fj.iyqL){eF>^^) 

B Xs-f, B Xsi+e- 

6.1 

cl)HdRXdXFC<Tf,uT'^qR){egsG<^n 

B ^ V,7, B Xs£+i- 

3.4 

{qL^FC-i^,qL){eD,Fn 

B Xsi+l- 

1.5 


B XJ+£-, Bs n+g- 

1.1 


B Xs£^e-, Bs /i+/r" 

1.1 

{'^XFCltiqL){^Ll^^L) 

B Xsl^l-, Bs /r+/i- 

1.7 

{qLXFClM°'^L){(-Ll^T°-(-L) 

B Xst^i-, Bs n+fi- 

1.7 

{qL^FCl^iqL){eRl^eR) 

B Xsl^l-, Bs /r+/i- 

2.7 


qEYnY^L, dRYlYuY^qL, dnYlY^Y^YdR (210) 

expanding in powers of the off-diagonal CKM matrix elements and in powers of the small Yukawa 
couplings, such as 

W^Fcqi and dnXdXpcqL (211) 

The MFV framework is general and can be implemented in a given BSM scenario, e.g. SUSY and 
composite Higgs models, resulting in reducing the cutoff scale (flavour bound) from 0(1000) TeV to 
0(1) TeV, which in turn makes it a very predictive theory framework. Compared to SM, only the flavour- 
independent magnitude of the transition amplitudes can be modified. A fingerprint of this framework is 
the prediction (sin 2/3) b-^iJjKs = (sin ‘^fi)K^Tn/v, which can be identified by experiments. 

5.2 Partial compositeness 

Partial compositeness is a completely different way of flavour protection mechanism Il46l . The idea is 
to generate quark and lepton masses through linear couplings of the Standard Model fields to composite 
operators, i.e. 

^LqpOR + A'^urOr + Aj^dROji -!-•••, ( 212 ) 

where Ar^r are known as pre-Yukawa couplings and Ol,r are fermionic operators arising from the 
strong sector. The nice aspect of this linear coupling is that no relevant operator can be built out of Or^r, 
since both have a classical mass dimension of 5/2. Also, the quadratic operators OrOr, OrOr vanish 
due to spinor identities and OrOr is forbidden by gauge invariance. Therefore, the lowest-dimension 
operators on can build out of the composite operators are Orc^Or and Orc^Or, which have classical 
dimension six and therefore irrelevant. 
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The physical light fermions will then be a mixture of both elementary and composite states, known 
as partial compositeness, 

\'4^phys) — COS 0|'i/^eZem) T sin • (213) 

The flavour problem in theories with strong dynamics can be improved if partial compositeness is imple¬ 
mented. 




ysM 




(214) 


Partial compositeness provide partial solutions to both flavour and hierarchy puzzles. Still, this is a 
partial solution since from the kaon system ex and e'^ /ex one still needs some sort of alignment, at least 
in the down sector. On the other hand, in this framework we can have a naturally sizable non-standard 
contribution to Aacp- This approach can be an alternative to MFV. 


5.3 B physics at the LHC 

Rare decays based on the flavour transition 5 —)■ s have for some time call the attention of the flavour 
community, as they can be sensitive probes of new physics Il47ll48ll : 

hadronic: B —>• (j)K, B —>• rj'K, Bg —>• <?)(/>, B —>• Kn, Bg —>• KK, ■ ■ ■ 

radiative: B —)• Xgj, B —)• K*j, Bg —>• • • • 

semi-leptonic: B Xgii, B KU, B K*U, Bg (j)U, • • • 

leptonic: Bg —^ fifi 

neutrino: B —)• Kvi?, B —)• K*vhi 


The most relevant ones in order to constrain new physics in the LHC era are the leptonic, semi-leptonic 
and radiative exclusive decays. 

Recently, the LHCb collaboration observed an excess in H —)• K* fj,^ decay |[49l by measuring 
the angular observables with a minimal sensitivity to the choice of form factors If50]| . This tension can 
be soften by the presence of new physics. One useful way to search for new physics that could induce 
these deviations is to look at the effective Hamiltonian relevant for this transition. From the complete list 
presented in Sec. [3l the current-current, QCD penguin and electroweak penguin operators ar typically 
dominated by the SM contribution at low energies and will only contribute to the considered observables 
though mixing with the dominant operators. This effect is therefore small. The chromomagnetic dipole 
operators, for leptonic and semi-leptonic decays enter only through mixing. Tensor operator do not 
appear in d = 6 operator expansion the the SM. Having this information we can write the relevant 
effective Hamiltonian 

^eff = E {plo\ + Cf of) (215) 

^ i 

with a the fine structure constant and the operators considered are 


O 7 = ^{sa^uPRb)F>^‘', 
Oi = {sj^PLb){hn), 
Ofo = (sjpPLbXhV) 

0<s = (sPRbXU), 

Of = {sPRb){£-f5i) , 


O'r = ^{sa^,PLb)F^^’^, 
O'i = {sj^PRbXl^i) , 
0[i = {s^,PRb){hV), 
Of = isPLb){l£), 

Of = CsPLb)ie-f5i) . 


(216) 


The operators Oy-io have been listed before, they are just written in the L, R notation instead of V, A 
one. The scalar and pseudo-scalar operators were also added, even though their impact is small in the 
observables. The prime operators are not present in the SM expansion, they therefore correspond always 
to new physics effects. 
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The presence of new physics in the relevant observables can be tracked to the corresponding 
operators: 

• B^ K*r. 

• B^cj,^^+^i-. CS, C^p 

• Lepton-nonuniversality: Cg\ 

• i? —)• : C'lo^ Cs,p 

In B ^ B —>• K* and B —>• (/)/i+/r” the form factors and contributions of the 

hadronic weak Hamiltonian are the main theoretical challenges. Direct CP asymmetries in B decays 
can give a hint of new physics, specially in i? —)• K*'y since the B factories measurements and LHCb 
are so precise. However, new physics in this observable is proportional to the strong phase that appears 
as a sub-leading effect and is also plagued with many uncertainties. 

Several global fits have been done ll47ll^ . under the assumption of new physics entering only 
through one operator or two real Wilson coefficients. These analysis tend to favour values < 0 in 
order to accommodate the recent anomalies. New physics entering through Cg can also contribute to the 
meson mixing. B^-mixing is in general the most constraining observable. 

Lepton-nouniversility is also a power probe of new physics. In the SM the process b —sii is 
lepton flavour universal. However, beyond fhe SM new flavour violafing inferacfions can give subsfanlial 
deviafion form lepfon-universalify. Rafios of branching fractions, as well as double ratios can serve as a 
clean probe of new physics II52U53L A big advanfage of considering rafios is fhe aufomafic cancelling of 
several uncerfainfies. Recenfly, fhe LHCb collaborations has reporfed 11511 

pLHCb ^ Q .,^5+0.090 ^ Q_Q3g (-217) 

which shows a 2.6 cj deviation form fhe SM prediction ~ 1 -|- 0{m‘j^/rnl) ll52ll . in fhe dilepfon 
invarianf mass squared bin IGeV^ < < 6GeV^. The branching fractions rafions of rare semi- 

lepfonic B decays of dimuons over dielecfrons arge given by ll52]| 

1 + A+ + S+ , H = K 

1 + A_-|-S_ , 77 = iTo(1430) / 2 io\ 

l+p(A_ - A+ + S_-S+) + A+ + S+, H = K* ^ 

1 + 1(A_ + A+ + S_ + S+), H = Xs 

while fhe double rafios are defined as 

1 + (A_-A+ + S_-S+), 77 = 770(1430) 

l+p(A_-A+ + S_-S+), 77 = 77* (219) 

1 + 1(A_-A+ + S_-S+), 77 = A, 



Rh = 


B{B Hnn) 
B(B Hee) 


ri’) 

'-^10 

M') 

'-"10 

M') 

'-"10 


with 

Re (C5'«(C7'’'‘ ± C'r) + Re ± CJS)-) 

|C|«P + |Cf«P 

the new physics contribution from the interference with the SM, and 


(m e ) 


S± 


|C|"P + ICfMp 


(/i ^ e) 


( 220 ) 


( 221 ) 
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the pure new physics contribution. At the mb scale we have for the SM Wilson coefficients = 

—Cff^ — The factor p is the polarization faction and is close to 1 (it is exactly 1 at zero recoil). 
These expression are valid to a very good accuracy given the current experimental uncertainties. The 
double ratios are very useful tool for precision tests new physics. They are only sensitive to new physics 
coupled to right-handed quarks, and therefore can be seen as complementary to Rh- 

Another clean probe of new physics in the B sector are the leptonic decays B —)■ £i. The model 
independent average time-integrated branching ratio for Bg ii decays is 1(5^ 


B{Bg U) 


1 — 0.24:{Ciq^^ — C'iq) — yiCp_ + \yiCg_ 


■i |2 


( 222 ) 


with yu = 7.7, ye = {'m^/me)yi_i = 1-6 x 10^ and Cp^s- = Cp^s — Cpg. The current reported 
experimental value for Bg decays is |[55l 

B(Bg 


= 0.79 ±0.20. 


(223) 


B{Bg p+p-)^^ 

Being a purely leptonic final sfafe, fhe fheorefical prediction of fhese processes is very clean and serves 
as a good probe for NP. 


6 Brief conclusions 

We have presented a shorf overview in fhe fopics of flavour and CP violation in and beyond fhe SM. The 
mosf relevanf aspecfs can be summarized as: 

• Often we have seen fhe indirecf evidence of New particles in flavour physics before direcfly dis¬ 
covering fhem; 

• The SM flavour sector has been fesfed wifh impressive and increasing precision; 

• In fhe SM, fermions come in 3 generations of quarks and leptons; flavour physics is all abouf fhem; 

• All flavour violation in fhe SM is from fhe CKM mafrix; 

• CPV in SM is small, and comes from flavour; 

• We have developed non relafivisfic QM tools for meson mixing; 

• We have schematically shown how fo calculafe hadronic observables; 

• Theoretical tools fo undersfand fhe underlying physics is importanf. For example, effecfive field 
fheory allows separafion of differenl scales (separation of calculable parfs and nonperfurbafive 
parfs); 

• Any sensifivify fo high scales (including fo physics beyond fhe Sfandard Model) can be freafed 
using perfurbafive mefhods; 

• Flavour sfrucfure of New Physics has to be special in order fo be compafible wifh TeV scale New 
Physics. A popular example is MFV, buf ofher possibilifies exisf such a partial composifeness, efc; 

• If new particles discovered, fheir flavour properties can leach us abouf fhe underlying sfrucfure of 
New Physics: masses (degeneracies), decay rates (flavour decomposifion), cross secfions; 

• Flavour physics provide imporfanf clues to model building in fhe LHC era; 

• LHC era is also a Flavour Precision era, and a lof of inferesfing measuremenfs are coming, as we 
have already seen some fensions wifh SM. 
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